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Abstract

In this thesis, we construct families of gravitational instantons of type ALG, ALG*,
ALH and ALH*. Away from a finite set of exceptional points, the metric collapses
with bounded curvature to a quotient of R? by a lattice of rank one or two and
Zs. Depending on whether the gravitational instantons are of type ALG/ALG* or
ALH/ALH*, there are two or four exceptional points respectively that are modelled
on the Atiyah-Hitchin manifold. The other exceptional points are modelled on the
Taub-NUT metric. There are at most four, respectively eight, of these points in
each case. These gravitational instantons are constructed using a gluing construc-
tion, where we combine these ALF gravitational instantons to a bulk space that
is constructed using the Gibbons-Hawking ansatz. We then set up a deformation
argument, where we perturb these approximate solutions into genuine gravitational

mstantons.
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Impact statement

The study of hyperkdhler manifolds has a long and rich history. It started in
the 70’s when [Eguchi & Hanson| (1978) and gave the first non-trivial
examples. It took however more than 40 years before [Sun & Zhang| (2021) classified
all gravitational instantons. Due to the work of [Kronheimer| (1989b)), |Chen & Chen|
(2021a)), |[Chen & Viaclovsky| (2021)), (Chen & Chen| (2021b), T. Collins et al.| (2022)

and [Lee & Lin| (2022) we now have a Torelli theorem for each type of gravitational

instanton. Although all metrics are now classified, degeneration of these structures
is not well understood. By the explicit nature of our construction, we can study

the boundary of the moduli space in more detail.

The study of gravitational instantons is also useful in other fields. For example,

according to Cherkis & Kapustin| (1999), |Cherkis & Kapustin (2003) and Cherkis &

(2012)) gravitational instantons appear in gauge theory, because they arise as
moduli spaces of (periodic) monopoles with Dirac singularities. Another example is

due to Hawking (1979), where he explained that gravitational instantons are used

in physics for understanding the quantisation of gravity.
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Unless the Lord builds the house,

the builders labor in vain.

Psalm 127:1 (NIV)
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1 Introduction

Gravitational instantons are examples of hyperkdhler manifolds, which are Rieman-
nian manifolds with three compatible complex structures satisfying the quaternion
relations. In particular, gravitational instantons are complete, non-compact hyper-
kihler manifolds of dimension four, with L? bounded curvature. In the late 70’s,
the first constructions of gravitational instantons were found, and in 1989 [Kron-
heimer| (1989b)) classified of all asymptotically locally euclidean (ALE) gravitational
instantons, which have maximal volume growth. Over the years other, non-ALE,
gravitational instantons were also found and recently Sun & Zhang (2021) showed
that, depending on the asymptotic metric, all gravitational instantons can be clas-
sified as ALE, ALF, ALG, ALG*, ALH and ALH*. Their volume growth is of order

4 .3 .2 .2 4/3

r, 3, r?, r?, r and r*/° respectively. For ALG* and ALH* the curvature decay is

quadratic, while in the other classes it is faster than quadratic.

In this thesis, we propose a new construction for gravitational instantons for the
classes ALG, ALG*, ALH and ALH*. To construct these, we will use a gluing
method in geometry, which was pioneered by the work of Taubes (1982)) in gauge
theory. Namely, we start with a non-complete hyperkdhler manifold as our bulk
space and combine it with other gravitational instantons using the connected sum
construction. After interpolating the metrics we get an approximate solution, and
by a perturbation argument we make it into a genuine hyperkihler manifold. The
idea for which spaces to glue in is due to [Sen| (1997)). He proposed to use n copies
of Taub-NUT and one copy of the Atiyah-Hitchin space as ‘bubbles’ and use the
construction by |Gibbons & Hawking| (1978) to create the ‘bulk space’. This proposal
was carried out rigorously by [Schroers & Singer| (2021]).

Recall that the Gibbons-Hawking ansatz is a general construction for hyperkihler
metrics on circle bundles over 3-dimensional manifolds with a triple of parallel,
orthonormal vector fields. In Sen’s construction, the 3-dimensional manifold is R3\
{0, £p1, ..., £p,} for some distinct p; # 0. This gluing construction can be done
with base spaces other than subsets of R3. For example, [Foscolo| (2019) used Sen’s
method on a punctured 7% in order to construct hyperkihler metrics on the K3
surface. In this thesis, we will consider similar cases: We will apply Sen’s method
on R3 modulo a lattice of rank one or two. Although this looks like a minor change,

the analysis changes dramatically and we have to study each situation separately.

7
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The statement of our main theorem is as follows:

Theorem 1.1. Let L C R? be a lattice of rank one or two and consider the
Zy action on R3/L that is induced by the antipodal map on R3. Let {p;} be a
configuration of n distinct points in (R®/L — Fix(Zs))/Zs. Suppose that n < 4
when R3/L ~ R?* x S' and n < 8 when R¥/L ~ R x T?. Then, there exists
an €y > 0, such that for all 0 < € < ¢y there exist a gravitational instanton

(Mg /1,n, ge) with the following properties:

1. For each fized point of the Zs action on R3/L, there is a compact set K C
Mgs )1, n, such that € 2g. approzimates the Atiyah-Hitchin metric on K as
e — 0.

2. Foreachi € {1,...,n}, there is a compact set K; C Mgs,p,,, such that e *g.
approximates the Taub-NUT metric on K; as ¢ — 0.

3. Away from the singularities, the manifold collapses to (R®*/L)/Zy with

bounded curvature as € converges to zero.

4. Depending on the lattice and n, the asymptotic metric can be classified as

o ALG*-I; , when dimL =1 and n < 4,
° ALG% when dim L =1 and n = 4,

o ALH*_ ,, when dimL =2 andn < 8,

o ALH when dim L = 2 and n = 8.

The explicit definitions of ALG, ALG*, ALH and ALH* will be given in Section [3.5]
where we will compare our metrics with existing literature. In order to examine the
similarities and differences between our work and [Schroers & Singer| (2021)), we also
consider the case L = {0} and put their work in the same systematic framework as

the new cases in Theorem [I.11
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Overview of the chapters

In the first part of Chapter 2, we introduce gravitational instantons and give some
basic properties. We explain the different types of gravitational instantons and we
give several examples of their construction. In order to describe the asymptotic

metric, we explain the construction by Gibbons and Hawking.

In our examples we will focus especially on the Taub-NUT space and the Atiyah-
Hitchin manifold. Furthermore, we explain the gauge-theoretic definition of the
Atiyah-Hitchin manifold and how the asymptotic metric on the branched double
cover relates to a Taub-NUT metric with negative mass. We also revisit its topol-

ogy and the different circle fibrations the Atiyah-Hitchin manifold possesses.

In the second part of Chapter 2, we explain the gluing construction. First we give a
general overview of the main steps. Secondly, we show how the hyperkahler property
can be formulated in terms of orthonormal triples of closed self-dual 2-forms. Using
this description, we setup a perturbation problem and we demonstrate how the hy-
perkdhler condition can be rephrased as an elliptic equation. We claim that up to
a small error, the linearised version of this elliptic equation is just the Laplacian on

functions and this Laplacian will be the main focus in our analysis.

In Chapter 3 we construct the underlying manifold and equip it with an approximate
hyperkéhler metric satisfying the required asymptotics at infinity. In Section 3.1 we
construct the bulk space using the Gibbons-Hawking ansatz and we show it has the
properties we require. In Section 3.2 we deviate from the main topic and consider
the degrees of freedom we have in our construction of the bulk space. In Section
3.3 we return to the main topic and introduce the collapsing parameter by which
we can control the error. In Section 3.4 we apply the connected sum construction.
We show the metrics can be interpolated in such way that we can apply the pertur-
bation method described in Chapter 2. Moreover, we explain how the asymptotic

behaviour of the bulk space gives us an error estimate for the approximate solution.

In Section 3.5 we calculate the topology of our manifolds and explain the argument
by [Sen| (1997 to show that the intersection matrix of an ALF-gravitational instanton
produced by his suggested gluing construction, is the Cartan matrix of a Dy-Dynkin

diagram. We extend his argument and show how the intersection matrices for our
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ALG/ALG* gravitational instantons relate to the extended Dy-Dynkin diagrams.
We also calculate the homology of our ALH/ALH* gravitational instantons. We
compare our results to the known classifications of gravitational instantons and we
conclude that our degrees of freedom coincide with the dimensions of the moduli
spaces for each type of gravitational instanton. By calculating the monodromy at
infinity, we show that our ALG/ALG* gravitational instantons can be compactified
by adding an elliptic I;-fiber. Similarly we show that our ALH/ALH* gravitational

instantons can be compactified by adding an elliptic I-fiber.

In chapter 4 we set up the weighted analysis on the asymptotic region of the com-
plete, almost hyperkdhler manifold using the structure of the Gibbons-Hawking
ansatz. Despite the different asymptotic structures, we give an approach that is
uniform for ALF, ALG, ALG*, ALH and ALH*. We do this by finding the cor-
rect conformal rescaling such that the universal cover over a fixed set of charts has
bounded geometry. We rephrase our linearised operator in terms of a weighted op-

erator and we show that it is bounded and strictly elliptic.

In Section 4.2 we give a general method to convert a standard elliptic estimate on
R" to a local elliptic estimate in our weighted spaces. By applying this framework,
we get all the local elliptic regularity estimates we need. In Section 4.3 we com-
bine these local estimates into estimates on the whole asymptotic region. Using the
Poincaré inequality we improve these results so that they imply the Laplacian is
Fredholm. We use these results in Section 4.4 and calculate the kernel and co-kernel
explicitly for small weights. We see that for our ALF gravitational instantons there
is a certain range of weights where the operator is bijective. For the other cases
we have an index of £1 for the weights we are interested in. Using the explicit
description of the kernel, we manually change the domain, making the Laplacian an

isomorphism.

In Chapter 5 we finalise the analysis and give the main proof of the theorem. In
Section 5.1 we extend our weighted norms on the asymptotic region to the whole
space and show that the Laplacian is still a bounded, strictly elliptic operator.
Although any compact extension will yield this result, extra care is taken in order to
apply the bounded inverse estimate in Section 5.4. In Sections 5.2 and 5.3 we extend
our elliptic estimates globally and we show that the Laplacian is still Fredholm. In

Section 5.2 we focus on the Sobolev norm, and using our understanding of the (co)-

10



1. Introduction W.A. (Andries) Salm

kernel on the asymptotic region we show the bijectivity of the Laplacian between
certain weighted spaces. In Section 5.3 we show that the same result holds for
Holder spaces. In Section 5.5 we finalise the proof of the main theorem. We set up
the Banach spaces on which we do the perturbation argument and we show that
the conditions for the inverse function theorem are satisfied. We also show that the
linearised operator in this perturbation argument indeed approximates the standard
Laplacian on functions and hence it is also invertible with a bounded inverse. This

proves our main theorem.

11
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2 Background

In this thesis we propose a new method of constructing gravitational instantons.
Before we delve into the construction, we first explain what gravitational instan-
tons are, list some main properties and give some examples. We focus on examples
constructed via the Gibbons-Hawking ansatz and on the Atiyah-Hitchin manifold,
because these will be fundamental building blocks in our new construction. Also,
the Gibbons-Hawking ansatz is used to describe the asymptotic structure of many
gravitational instantons and is needed to understand the classification by [Sun &
Zhang| (2021)).

In the second part of this chapter we give a pictorial explanation of our construction.
We explain the gluing construction for gravitational instantons and show how to turn
this gluing problem into an elliptic equation. In later chapters we set up the analysis

to solve this equation.

2.1 Gravitational instantons

We use the following definitions of a hyperkdhler manifold and of a gravitational

istanton:

Definition 2.1. A hyperkihler manifold (M, g, I, J, K) is a 4n-dimensional, Rie-
mannian manifold (M, g) with three integrable complex structures I, J and K
such that

e [, J, and K are Kahler with respect to g, and

e [, J, and K satisfy the quaternion relations

I-J=K, J-K=1, K-1=1
J-I=-K, K-J=—I, [ K=—1J

Definition 2.2. A gravitational instanton is a 4-dimensional, complete, non-
compact hyperkdihler manifold (M, g,1,J, K) such that the Riemann curvature

tensor Rm is L?-bounded.

12
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Hyperkéhler manifolds are already interesting in their own right. For example,
they show up as a special case in the classification of Riemannian manifolds by
Berger| (1953)): He showed that the holonomy of a simply connected, irreducible
and non-symmetric Riemannian manifold can only be one of SO(n), U(n), SU(n),
Sp(n)-Sp(1), Sp(n), Go or Spin(7). The class corresponding the compact symplec-
tic group Sp(n) corresponds to hyperkihler metrics. This is because Sp(n) can be
viewed as the set of all n x n matrices with entries in H that preserve the standard
hermitian inner product on H". From this identification of H"™ we get three almost
complex structures I, J and K on M, which must be compatible with the metric g.
These complex structures are parallel and hence the Riemannian manifold must be

hyperkahler.

Because Sp(n) is a subgroup of SU(2n), Hyperkidhler manifolds are examples of
Calabi-Yau manifolds. These are Kéhler manifolds (M, g, I) with a non-vanishing,
parallel, holomorphic volume form 2. For hyperkidhler manifolds this volume form
can be explicitly identified. Namely, if w; and wg are the Kahler forms correspond-
ing to J and K, then one can choose Q2 = (w; + iwk )" as the holomorphic volume
form. For dimension 4, Sp(1) = SU(2), and so 4-real-dimensional hyperkéihler man-

ifolds are the same as 4-real-dimensional Calabi-Yau manifolds.

In four dimensions, one can decompose ? into the self- and anti-self-dual forms and

one can write the Riemann curvature operator as

R — W*—I—% Ric
Ric W‘+% 7

where Scal is the Scalar curvature and Ric is the traceless Ricci curvature. For
Calabi-Yau manifolds, the Ricci tensor vanishes, so the traceless Ricci curvature
and the scalar curvature vanishes too. Furthermore, the self-dual part of the Weyl
tensor is also zero, because A™ is trivialised by the three (parallel) Kahler forms.
Therefore, the Riemann curvature tensor is anti-self-dual. Using the extra condition
that [ | Rm|? is bounded, one can view gravitational instantons as minimisers of the
Yang-Mills like action g — [ Rm A * Rm. Because of this similarity with the Yang-
Mills instantons, complete 4-dimensional hyperkihler manifolds with L? bounded

curvature are called gravitational instantons.

13
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The Gibbons-Hawking ansatz

In order to give some non-trivial examples of gravitational instantons, we explain
the construction by (Gibbons & Hawking| (1978)). Their construction starts with the

following information:
1. An open subset U in R?, equipped with the Euclidean metric g,
2. a principal S'-bundle P over U,
3. a connection n on P, and

4. a harmonic function! h: U — (0, 00) satisfying the Bogomolny equation

*Wdh=dn.
In their paper, Gibbons and Hawking show
Proposition 2.3. The metric ¢ = h gy + h™'n? on P is hyperkdhler.

This construction is called the Gibbons-Hawking ansatz. Some of the requirements
above are redundant. Namely, if U is an open subset of R3 and h is a positive har-
monic function, then *d h is closed and [* d h] is an element in de Rham cohomology.
We claim that if [xdh] € H?*(U,Z), we can construct the principal bundle P and
find a connection 7 satisfying the Bogomolny equation. Indeed, all circle bundles are
uniquely classified by the first Chern class, and hence P is uniquely determined by
¢1 = [*d h]. Moreover, every principal bundle admits a connection n and by adding
some element of Q(U), we can always assume that dn = *d h. In summary, for the

Gibbons-Hawking ansatz we only need
1. an open subset U in R3, and
2. a positive harmonic function that satisfies [xdh] € H*(U,Z).

Proof of Proposition[2.3. In order to define the complex structures on P, it is suffi-
cient to define the Kihler forms. Equipping R? with the standard coordinates {x;},

we define

w; =dx; An+ h % da;

li.e. Ah =0 where A is the Laplacian.

14
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For example w; = dxy An+ hdxy Adxs. Each form w; defines an endomorphism
I; on T'M such that I/n = hdz; and

4 i=

I'dx; =
T —sgn(ijk)day i

Therefore I; are almost complex structures on P that satisfy the quaternion relations.

To show that these complex structures are integrable, we need to show that the
exterior derivative is a map between Q'Y and Q?° @ QY. Hence for any a € QY
and 8 € Q>0 we need to show (d«, ) = 0. We claim that we = w; + iwy, is a basis
for Q20 because for any X € T'(AYTP),

wi(X,..) +iwe(X,..)=9(JX,...)—ig(JIX,...)=g9(JX,...) —g(JX,...) =0.

With respect to the metric g, the 2-forms w; are self dual and so (da,@c) =
d aAwe. By the Bogomolny equation, the 2-forms w; are closed and hence (d «v, we) =
d(aAwc). This vanishes, because aAwe € Q*° on a 2-complex-dimensional manifold.

O

The simplest example of the Gibbons-Hawking ansatz is when U = R? and h is
constant. The first Chern class h induces is zero and so the Gibbons-Hawking ansatz
gives a flat hyperkihler metric on R? x S'. From the formula ¢ = h - gy + h™'n?,

it follows that the circle radius is inversely proportional to the constant value of h.

ALE-type gravitational instantons

The next example we explain is for U = R?\ {0} and h(z) = ﬁ In order to con-
firm [«*dh] € H*(U,Z), we determine when —5- [, xdh is an integer®. The factor
in the denominator in A is chosen such that —% /. g2 *d R is exactly k and hence
[xdh] € H?(U,Z) if and only if k € Z. Notice that xdh = £ Volg2 does not depend
on the radial parameter in R®. Hence P is diffeomorphic to RT times a degree k

circle bundle over S2.

The Gibbons-Hawking metric for this case is ¢ = E(dr? + r?gg) + 2n? If we

2The sign is due to the identification of R with u(1).

15
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reparametrise this by s = v/2kr, then

1 1
:d82+82< 932+k217)

The part between brackets is an s-invariant metric on the circle bundle over S?. By
identifying this circle bundle with the Hopf projection p — pip from S® C H to
S? C im H, quotiented by the Z; action p ~ p - e%, one concludes that %lggz + k%nQ
is the standard metric on S3/Z;,. Therefore, g is just the flat metric on R*/Z;.
This metric is not complete, but can be completed by adding a single point when
k=1.

A nice feature of the Gibbons-Hawking ansatz is its additive property: Given two
positive harmonic functions hy,he: U — R, both inducing integral cohomology
classes, their sum does too. For example, pick zop € R?®\ {0} and consider the
ﬁ on U = R3\ {0,z9}. By Stoke’s theorem

one can check * d hy induces an integral cohomology class on U. By the rotation and

positive harmonic function hy(x) =

translation invariance of the Laplacian hq(z) = | is also a positive harmonic

1
2|lx—xo
function and it also induces an integral cohomology class on U. Because Cohomology
classes and the space of harmonic functions are both Z-linear, h(z) = 2|I| + 2|x e

is a positive harmonic function and [*d h| € H*(U,Z). Therefore, we can apply the
Gibbons-Hawking Ansatz on h and the Gibbons-Hawking metric is

1 1 1 1 -t
GH __ 2
9= (2|x\ N 2rx—xo|) gu (mxr " 2|37—9Uo|> -

Just as in the previous example, we can complete this space by adding points. At

the boundary at infinity, the manifold decomposes as a radial parameter and a de-

gree 2 circle bundle over S?. Here the metric approximates the flat metric on R?*/Z,,

1 2

1
because for large values of x, 5l T Toag] = Tl

According to [Prasad (1979), this metric is the Eguchi-Hanson metric on 7*S?. To
see the generator of Hy(T*S5?), one considers a path between 0 and xy. Outside the
singularities, the total space retracts to a trivial circle bundle over the open path,
which is topologically a cylinder. At the endpoints the harmonic function h diverges
to infinity, which has the effect that the circle radius collapses at these points. This
creates a sphere that generates Ho(T*S?).

16
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There is nothing stopping us from repeating the procedure in the last example. The
Gibbons-Hawking metric related to h = Zle m for some distinct py,...,p, € R?
yields a gravitational instanton that near infinity approximates the flat metric on
R*/Zy. Moreover, it retracts to a chain of wedge sums of k — 1 two-spheres. In the

literature these spaces are called multi-Eguchi-Hanson spaces.

All the examples above have the property that up to some small error they approx-
imate the flat metric on R* near infinity. These examples are part of a single class

of gravitational instantons called ALE:

Definition 2.4. A gravitational instanton (M, g) is called Asymptotically Locally
FEuclidean (ALE) if there is a finite subgroup T’ of SU(2), two large compact sets
Ky C M and Ky C C?/T" and a diffeomorphism o between M\ K; and (C?/T)\ K,

such that on these asymptotic regions

IV (09 = ge2/0) e = OGH)

for all k € N.

All ALE gravitational instantons were constructed by |[Kronheimer| (1989a). His
method makes use of the hyperkéhler quotient construction. This is a generalisation
of the Kahler quotient for hyperkadhler manifolds. Namely, consider a hyperkéihler
manifold (M, g) and a Lie group G that acts preserving on the triple of Kéhler
forms wq, we and wsz. Also assume that each Kéhler form w; has a moment map
i M — g*. That is, p;: M — g* is a G-equivariant function such that for each
{ € g, the vector field X generated by ¢ satisfies tx,w; = d(u;,§). Just as the
Kihler quotient, for each regular value n of y = (1, pio, p1o): M — g* @ R3, the
space = '(n)/G is a smooth manifold and (g,w;,ws,ws3) descends to a hyperkihler

structure on the quotient.

Kronheimer started with a finite subgroup I' of SU(2). Given this group he consid-
ered the finite dimensional Hilbert space R = L*(T), its unitary group U(R) and its
Lie algebra u(R). Inside u(R)®H he considered the linear subspace (u(R)®H)" of all
elements that are invariant under the I' action and he used this as the flat hyperkéah-
ler manifold on which he applied the hyperkihler quotient construction. The group
U(R) acts on u(R) @ H by conjugation and its stabilizer is the subgroup consisting of

17
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scalar multiplication and therefore, PU(R) := U(R)/S" acts freely on u(R) @ H. In-
side PU(R), Kronheimer considered the subgroup of all invariant elements that com-
mute with " as the quotient group. For any A = Ag+iA;+jAs+kAz € (u(R)@H)"

he used the moment maps

pi(A) =[Ag, Ai] + [Az, As],
/L2(A) :[A()v AQ] + [A37A1]’
p3(A) =[Ao, As] + [A1, Ag].

—_~—

This way he constructed a hyperkdhler metric on the minimal resolution C2/I" of
C2%/T. By studying the irreducible representations of (u® H)"' and using the McKay
correspondence, Kronheimer showed that these gravitational instantons can be re-
alised as a quiver variety, where the quiver is the affine Dynkin diagram associated
to I'.

Kronheimer| (1989b)) also classified all ALE gravitational instantons and showed that
the construction in Kronheimer| (1989a) produces all examples of ALE gravitational
instantons. Namely, up to some non-degeneracy condition, there is a hyperkéhler
structure (g, wy,wsq,ws) for every (o1, 09,03) € H2(62\//F,]R) ® R? such that [w;] =
0;. This hyperkédhler structure is unique up to tri-holomorphic isomorphisms. The
necessity of the non-degeneracy condition can already be seen for the Eguchi-Hanson
metric. Namely, when the singularity o tends to 0, the volume of S? collapses and
the metric becomes the singular metric of R*/Z,. To exclude this case, one has to
describe xy using topological terms. This can be done by integrating the Kéhler
forms over S2. Indeed, except for the endpoints, the 2-sphere can be viewed as the

trivial circle bundle over the straight line between 0 and x,. Hence,

, 1 1
0=5- [ duw = 5= i = 0:(5?).
%o 2 S2 i/ 1 2 S2 “ “ <S )
In general one requires that (o1(2), 02(X), 03(2)) # 0 for all ¥ in Hg(@//l‘, Z) with

self-intersection -2.

Remark 2.5. The classification result by Kronheimer is an example of a Torelli
theorem. In these theorems one identifies all metrics up to triholomorphic isometries
in terms of their model at infinity and their periods, i.e. the integrals of the Kéhler

forms over the 2-cycles with self-intersection -2. In general, one also has a non-

18
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degeneracy condition, as in the ALE case.

ALF-type gravitational instantons

Next we will give an example of the Gibbons-Hawking ansatz that is not ALE. For
this we consider the harmonic function ¢ + % for some constant ¢ > 0. By the
additive property of the Gibbons-Hawking ansatz, this is a hyperkdhler manifold
and, as before, it can be completed into a gravitational instanton by adding a single
point. The Gibbons-Hawking metric is

1 2

g = (c+ (QT)_1)9R3\{0} + - n.

Near infinity the metric approximates the cylindrical metric ¢ - ggs\foy + %7]2 on
RT x $3. The value of ¢ 2 is proportional to the circle radius of a fiber. This
gravitational instanton cannot be ALE, because the circle radius of a fiber does not
grow linearly but converges to a constant. Also, the volume growth of a ball of
radius r is of order r? instead of 7*. This metric was found by Taub and extended
by Newman, Unti and Tamburino. It is called the Taub-NUT space and it is an

example of an ALF-type gravitational instanton.

Definition 2.6. A gravitational instanton (M, g) is of type ALF-Ay, if there are
e,c >0, k € Zsg and a diffeomorphism ¢ between the asymptotic regions of M
and the Gibbons-Hawking space for h(x) = c+ ﬁ on R3\ {0} such that

IV (g — &™) || jon = O(r™77°)

for all 7 € N. If instead there is a diffeomorphism between the asymptotic regions
of M and a Zs quotient of the Gibbons-Hawking space for h = ¢ + 2;—;(‘ and this
Zy quotient is a lift of the antipodal map on R3, then we say the gravitational
instanton (M, g) is of type ALF-Dy. In general we call a gravitational instanton

Asymptotically Locally Flat (ALF) if it is of type ALF-Ay or ALF-Dy.

All ALF-Ay, gravitational instantons are classified by Minerbe (2011)): They all arise

by the Gibbons-Hawking ansatz for h = ¢+ >, 2|x17p| for some set of distinct

points p; € R3. These spaces are also known as multi-Taub-NUT spaces. Similarly
to the multi-Eguchi-Hanson space, the multi-Taub-NUT space retracts to a chain

of wedge sums of 2-spheres. The intersection matrix is the negative Cartan matrix
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for an Ag-Dynkin diagram. A similar result is true for ALF-D, type gravitational

istantons.

A famous example of an ALF-D, gravitational instanton is the Atiyah-Hitchin
manifold. It is the moduli space of centred magnetic monopoles of charge 2. To
understand this, we consider an SU(2)-connection A over R*® and a Higgs field
¢: R* — su(2) that minimises the Yang-Mills-Higgs energy [0 ||Fall* + [[Dad||*.
By assuming |Fa| = O(r~2) and [¢| = 1 + 2 + O(r~?) for some k € N, we force
the energy to be finite. With these decay conditions, the energy functional can be

rewritten as

[ VEA 410401 = [ [1Fs = Dag| £ 8
R3 R3

and hence the pair (A, ¢) minimises the Yang-Mills-Higgs energy if and only if it
satisfies the Bogomolny equation Fyx = xD4¢. The space of pairs (A, ¢) form an
infinite dimensional space, however the gauge orbits have finite co-dimension. The
moduli space N, of magnetic monopoles of charge k is the quotient of the space of

pairs (A, ¢) and the group of all gauge transformations and it is (4k —1)-dimensional.

The energy functional is invariant under translations on R®. The quotient of N}, by
the translation action is called the moduli space of centred magnetic monopoles of
charge k. This space, which we denote by M} is (4k — 4)-dimensional and it is com-
plete. In our study of gravitational instantons we only focus on the 4-dimensional

manifolds and so we define the Atiyah-Hitchin manifold as M?.

The metric on the Atiyah-Hitchin manifold can be defined using an infinite dimen-
sional version of the hyperkihler quotient construction. Namely, pairs (A, ¢): R3 —
su(2) ® R* form an infinite dimensional vector space and one can equip this with a
quaternionic structure by identifying (A; dxz;, ¢) as ¢ + Ay I + Ay J + A3 K. The
three components of the Bogomolny equation F4 — *xD4¢ can be viewed as mo-
ment maps for the group of all gauge transformations G. In order to make sense
of the quotient 1171(0)/G between infinite-dimensional spaces, one has to study the

deformation problem

0%(g) & Ql(g) @ 2(g) & O%(g)

where ds is the linearized Bogomolny equation and d; arises from the infinitesimal
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gauge transformations. With the requirement that variations of (A, ¢) are square
integrable, this becomes a Fredholm complex. After we restrict G to the group G’
of gauge transformations whose Lie-algebra elements decay with order r—!, the quo-

tient My, := M;1;(0)/G’ becomes a 4k-dimensional hyperkéhler manifold.

The group G’ is a proper subgroup of G and it turns out that M, is a circle bundle

over Ni. Moreover, on the universal cover, the translation and S! action span a

My,

STxis has a

flat quaternionic space. Therefore, the centred moduli space My =

hyperkahler structure.

The rotations of R?® induce an isometric action of SU(2) on M} that rotates the
complex structures. This enabled M. Atiyah & Hitchin (1988)) to write their metric
in the form

g = (abc)? d s> + a*o? + b*o3 + s,

where a, b, ¢ are functions on the Atiyah-Hitchin manifold and o; is the basis of the
left invariant 1-forms. They solved this explicitly in terms of elliptic integrals and
gave its asymptotic expansion: On the branched double cover at infinity this metric

approximates the Taub-NUT metric with negative mass —4

1 2

g™ = (1= 2/n)(dr? +r%gse) + 27

up to exponentially small terms.

Topology and orbits of the Atiyah-Hitchin manifold

To explain the orbits induced by the rotation action on R3 and the topology of the
Atiyah-Hitchin manifold, we refer to the work of Schroers & Singer| (2021). In their
appendix they studied CP' x CP! with the SU(2) action acting diagonally. In-
side they identified two copies of CP!, calling them the diagonal and anti-diagonal.
They define the Atiyah-Hitchin manifold as the complement of the anti-diagonal,

quotiented by some Zy X Z, action. We will explain these things in more detail.

We consider CP! as the space of unit quaternions quotiented by the left multiplica-
tion of the circle action €. Using the Hopf projection p — pip, one can identify an
element of CP! x CP! as (giq, pip) for some p,q € SU(2). In this representation,

the diagonal SU(2)-action acts as (giq, pip) TSV, (7 qigr,7 pipr). We claim that
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each orbit for this diagonal SU(2) action has a unique representative of the form
(ie’?,1) for some ¢ € [0,7/2]. Indeed, pick an element (giq, pip) € CP! x CP.
For any 6 € R, we can use the diagonal SU(2) action to perform the transformation
(qiq, pip) LN (e="p-giq-pe'?,i). Because ¢p is a unit quaternion, pgigp € im H, and
SO pGiqp can be written as ix + vk for some x € [—1, 1] and v € C. Next we choose
0 such that v is a non-negative real number. In polar coordinates this simplifies to
(i€*7? i), which proves our claim. In general, an element inside CP! x CP! can be
written as (pie®®p, pip) for some p € SU(2) and ¢ € [0, 7/2].

When ¢ = 0, all elements in the orbit are of the form (pip, pip), and hence this
orbit is isomorphic to CP!. We denote this orbit of diagonal elements as CPdlwg.
Similarly, for ¢ = 7, all elements in the orbit are of the form (—pip, pip), and hence
we denote this orbit of anti-diagonal elements as CP,,,. In general the SU(2)-
orbit is isomorphic to SU(2)/Zs, because (pie?®p, pip) is invariant under the action

p — —p. In summary, we have the following representations and orbits:

(CPdliag CP;diag
[ 4 t O
) 0 ¢ m/2
Unique rep.  (i,17) (i€ 1) (k1)
. SU(2) SU(2) SU(2)
Orbit &) E=y @)

Schroers & Singer| (2021) identified a Zy x Zs action that is generated by two maps.
First they consider the switching map s, that interchanges the values of the CP'’s
inside CP! x CP!. Secondly, they consider the map @ that acts by the antipodal
map on each component simultaneously. They denote the composition of s and a

by r.

We claim we can identify the maps s, a and r by left multiplication of some unit
quaternion. Indeed, for the Hopf fibration p — pip, the action by p — j p descends
to the antipodal map on the base space. Therefore, we identify the map a with
p + j p. Similarly, the SU(2) action p +— ie/®p transforms an element (pie*?p, pip)
into (pip, pie**p), which is the same as the switching map s. The composition r of
these maps must be given by p — —ke/®p. Notice that the triple {—ke’?, j, ie/?} is
a rotation of the standard {i, j, k} triple and so define

i =—ke’®, 5=, and k = ie’?.
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In summary, we have:

CPdliag (CPaldiag
[ t O

o) 0 o /2

: SU(2) SU(2) 5U(2)

Orbit ) ). )
s-action p+— kp p = kp pr>kp
r-action p+— p P ip P p
a-action p+—> Jp P Ip D= Ip

It follows that k acts trivially on CPdliag and as the antipodal map on (CPaldmg. Sim-

ilarly, i acts trivially on CP,;,, and as the antipodal map on CPj;,,. The group

(1,7, k) is the dihedral group and acts as Zy X Zs on SU(2)/(£1).

In the paper of [Schroers & Singer| (2021)), they consider the complement of CPaldmg,
which they denote as AH. The Atiyah-Hitchin manifold is the quotient of AH

~

by the group (i, 7, k). In terms of the quaternionic coordinates, the orbits of these

quotient spaces are given as:

1 1
Cp.diag ‘ (CPgdiag
- SU(2) SU(2) SU(2)
AH (eF?) (£1) (e)
vz SU(2) SU(2) SU(2)
AH /{k) (eF0) (k) (e?.3)
AIT /A SU(2) SU(2) SU(2)
AH /(i) (k) 6) {et)
AIr /s 1 SU(2 SU(2 SU(2
AH/ <Z7 k) <efm9(7j)> <i7j7(]}>) <ew(,jg

The space AH and its quotients retract to CPy,, and its quotients. Therefore the
SU(2)
(e7.3)
~ S? and 7 descends to the antipodal map. The

. This is isomorphic to RP?, because

Atiyah-Hitchin manifold is homotopic to

SU(2)
(ek?)

fundamental group of the Atiyah-Hitchin manifold is Zy and is generated by the

the Hopf projection implies
antipodal map. To find its double cover, we need to find a simply connected space
and a free Z, action such that their quotient is AH/(,j, k). This is satisfied for

;{\ITI/U%} and the 7 action.

In order to compare the asymptotic Atiyah-Hitchin metric with the Taub-NUT met-

ric, we have to consider the branched cover AH /(i) instead. On here, a generic fiber
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is of the form S({ig?), which is a circle bundle over S? of degree 4. In these co-

ordinates, the circle action can be seen by left multiplication of €** on 5%2). On

the branched cover, the k-action descends to the antipodal map on S<g((b2>) and anti-

commutes with the fiber, i.e. ket p= e 0k - p.

While in the Taub-NUT case the circle fiber is contractible, the circle fiber in the
Atiyah-Hitchin manifold maps to the generator of RP2. This can be seen explicitly
in the above picture: A generic fiber inside the Atiyah-Hitchin manifold can be

parametrised by
'l (pke’p, phe9p) s (pe "5 ke?elip, pe i ke Petip).

When we retract it to the core (¢ = 0), the right hand side of the expression sim-
plifies to (ﬁl%ei%p, pke's p). This implies that a rotation along the fiber retracts to
the map (pkp, pkp) — (—pkp, —pkp) inside CPj;,,- This is the antipodal map on S”
which is the generator of 7 (RP?).

Remark 2.7. There is a construction for ALF-D,, gravitational instantons which gives
an alternative construction for the Atiyah-Hitchin manifold. According to Hitchin et
al.| (1987)) all hyperkéhler structures (1, J, K') on a 4n-dimensional manifold M can
be uniquely encoded into complex geometric structures on the twistor space 7 :=
M x S?. According to |Chen & Chen| (2019) all ALF-D;, gravitational instantons can
be constructed using this twistor method. This method was conjectured by [[vanov
& Rocek (1996) using a generalized Legendre transform developed by [Lindstrom &
Rocek (1988). |Cherkis & Kapustin (1999) confirmed this conjecture and (Cherkis
& Hitchin| (2005) computed the metric more explicitly. Therefore, this metric is
called the Cherkis-Hitchin—Ivanov—Kapustin—Lindstrom—Roc¢ek metric. One can ask
whether the other ALF gravitational instantons have a gauge theoretic description.
Cherkis & Kapustin| (1999) claim that all ALF gravitational instantons can be seen

as the moduli space of U(2)-monopoles of degree 1 or 2 with k& Dirac singularities.

‘Periodic’ gravitational instantons

Let us revisit the construction of the Gibbons-Hawking metric and see whether we
can generalise it: Given a principal circle bundle P over some U C R?, a connection 1

and a positive harmonic function h: U — R, we can construct the Gibbons-Hawking
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metric
g =hgu+hhp

In the proof of Proposition [2.3] we have seen that the orthonormal 2-forms
wiGH =dx; An+hdz; ANdxy

induce almost complex structures

Tl i=]

I'dz; =
! —sgn(ijk)dzy i #j

which are integrable if and only if d w; = 0. This only happens when the Bogomolny
equation xd h = dn is satisfied.

To generalise this method for other base spaces, we assume that B is some Rie-
mannian 3-manifold and h: B — R is a positive harmonic function with [*dh] €
H?*(B,Z). As before, we can retrieve a circle bundle P — B with a connection 7
satisfying the Bogomolny equation and we can equip P with the Gibbons-Hawking
metric. To construct the Kéahler forms however, we need to generalise the forms
dzy,dze,drs € QY(R?). We assume B has three nowhere-vanishing 1-forms o;.
The quaternion relations force o; to be orthonormal and the almost complex struc-
tures are integrable if the o;’s are closed. In summary, the Gibbons-Hawking ansatz
can be done over any flat, 3-dimensional, Riemannian manifold that is equipped

with an orthonormal basis of nowhere-vanishing, closed 1-forms.

One example is the metric by |Ooguri & Vafal (1996). It can be constructed by the
Gibbons-Hawking ansatz on B = (R? \ {0}) x S*, where the harmonic function is
the Green’s function. On the universal cover of B, this Green’s function can be

recovered by considering

This infinite sum does not converge and hence one has to renormalise it to make it

well-defined. This has the consequence that h cannot be positive everywhere. That

L
2|z

— o= log(a% + 23), where x; and x5 are the coordinates on R? inside R? x S*. There-

is, near the singularity h(z) approximates const + while near infinity h(x) ~
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fore, the Gibbons-Hawking metric is positive definite near the singularity, but neg-

ative definite near infinity. For more details, see |Gross & Wilson, (2000)).

Although the Ooguri-Vafa metric is not complete, ‘periodic’ versions of the Gibbons-
Hawking ansatz are still useful in understanding the classification of gravitational
instantons. Namely, Sun & Zhang (2021)) have classified all gravitational instantons
in terms of their asymptotic geometry. We have already seen that the asymptotic
geometry of ALF gravitational instantons is described in terms of the Gibbons Hawk-
ing ansatz. A ‘negative version’ of the Ooguri-Vafa metric is used to describe the

ALG* metric, which we explain in the following definition:

Definition 2.8. A gravitational instanton (M, g) is of type ALG* if there are
e,c >0, k € Nog and a diffeomorphism ¢ between the asymptotic regions of M
and a Zsy quotient of the Gibbons-Hawking space for h(z) = c+ k-log(z? + 22) on
(R*\ {0}) x S* such that

IV (prg — g% || jorr = O(r™77°)

for all 7 € N and this Zy quotient is a lift of the action induced by the antipodal

map on R3.

Definition 2.9. A gravitational instanton (M, g) is of type ALG if there is a
k€ {2,3,4,6}, an e >0, and a diffeomorphism ¢ between the asymptotic regions
of M and a flat orbifold (R* x T?)/Z;, such that

IV (g — g7 )| g1t = O(r™77°)

for all j € N.

ALG and ALG* gravitational instantons both have quadratic volume growth. How-

ever, for the ALG* case, the circle radius of the fiber (and hence the injectivity

radius) decays with order \/blgW’ while for the ALG case, they have a lower bound.

1

m s while fOI‘

Also, the curvature decay for an ALG* gravitational instantons is

ALG gravitational instantons it is at least T%

26



2.1. Gravitational instantons W.A. (Andries) Salm

According to Chen & Chen|(2021b) and (Chen & Viaclovsky| (2021)) any ALG/ALG*
gravitational instanton can be compactified to a rational elliptic surface by adding
a singular elliptic fiber. If this fiber is I} for v € {1,2 3,4}, the gravitational
instanton is of type ALG*. If the fiber is I, 11, IT*, 111, I11*, IV or IV* it is
of type ALG. Moreover, Chen et al.| (2021)) found a Torelli theorem?® for ALG and

ALG* gravitational instantons.

‘Doubly periodic’ gravitational instantons

For the the Ooguri-Vafa metric we considered the Gibbons-Hawking ansatz on the
quotient of R? by a rank one lattice. Next we study the case of a rank two lattice.
Just as the Ooguri-Vafa case, the Green’s function on R x T2 cannot be chosen
positive globally?, and so the Gibbons-Hawking ansatz yields a non-complete hy-
perkdhler manifold. However, these examples are still used in the classification of

gravitational instantons:

Definition 2.10. A gravitational instanton (M, g) is of type ALH if there are
e,c > 0 and a diffeomorphism o between the asymptotic regions of M and the
Gibbons-Hawking space for h(z) = ¢ on R x T? such that

V7 (g — &™) || jon = O(r™77°)

for all j € N.

Definition 2.11. A gravitational instanton (M, g) is of type ALH* if there are
e,c >0, k € Ny and a diffeomorphism ¢ between the asymptotic regions of M
and the Gibbons-Hawking space for h(x) = ¢+ k - |x1| on RT x T? such that

IV (prg — g% || jorr = O(r77°)

for all j € N.

ALH gravitational instantons have linear volume growth and their injectivity radius

is bounded below. ALH* gravitational instantons however, have volume growth r*/3

3See Remark
“In Lemma we will prove this explicitly.
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1/3

and their injectivity radius decays with order »—"/°. To see this, one applies the

3/

coordinate transform s = ? on the asymptotic Gibbons-Hawking metric and gets

gGH ~ ds? 4 s2/3. gre + 5*2/3772.

The curvature decay for ALH* is r—2, while ALH has faster than quadratic curva-

ture decay.

According to |Chen & Chen| (2021b) and [T. C. Collins et al.|(2020) any ALH/ALH*
gravitational instanton can be compactified to a rational elliptic surface by adding
a [p-fiber. If this fiber is regular, i.e. k = 0, the gravitational instanton is of type
ALH. If the elliptic fiber is not regular, the gravitational instanton is of type ALH*.
Sun & Zhang (2021) have shown that k£ must be between 1 and 9. A Torelli theorem
for ALH gravitational instantons was found by (Chen & Chen| (2021b)). [T. Collins et
al| (2022) and |Lee & Lin (2022) determined the Torelli theorem for ALH* gravita-

tional instantons.

There are two main examples of ‘(doubly) periodic’ gravitational instantons. The
first example is due to [Tian & Yau (1990). They constructed gravitational instan-
tons on the complement of a smooth anti-canonical divisor inside a weak del Pezzo
surface. Just as the Calabi ansatz® yields a hyperkithler metric on an ample line bun-
dle over a compact Calabi-Yau manifold, Tian and Yau constructed an approximate
solution on the tubular neighbourhood of the divisor. They extended the Kéhler
form w and a holomorphic volume form €2 globally and considered perturbations of
the form wry = w 4+ i00¢. They found ¢ by solving the Monge-Ampére equation
(w +i00¢)? = %Q A Q. The function ¢ has exponential decay and hence the Tian-
Yau metric has the same asymptotic geometry as their approximate solution, which
is ALH*.

Continuing on this work, Hein| (2010) constructed gravitational instantons on the
complement of a (singular) elliptic fiber inside a rational elliptic surface. Using
the classification by Kodaira (1963), Hein retrieved an explicit description of the
neighbourhood of the (singular) fiber and he equipped it with a metric that is flat
on the fibers. By extending these structures globally, he made an almost hyperkéhler

manifold and he perturbed it into a gravitational instanton by solving the Monge-

5See |Calabi| (1979). A short exposition in English can be found in Hein et al.| (2022).
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Ampeére equations. Depending on the type of elliptic fibration, Hein constructed
ALG-, ALG*-, ALH- or ALH*-type gravitational instantons.

2.2 Gluing constructions

In this thesis, we will give a gluing construction for gravitational instantons of type
ALF, ALG, ALG*, ALH and ALH*. The method originates from Donaldson| (2006))

and is used often in the literature®. The idea is that we start with a non-complete,

non-compact hyperkéhler manifold with explicit models near the boundary. (See

Figure |1 ) We refer to this space as the bulk space.

Figure 1: Pictorial representation of our bulk space. In our case, we construct the
bulk space using the Gibbons-Hawking ansatz. The metric around the singularities
must approzimate the Taub-NUT space (with mass —4 ), which is depicted as a green
cone.

In our case we will construct the bulk space using the Gibbons-Hawking ansatz. Just
as the Qoguri-Vafa metric, we will consider R* modulo a lattice of rank less than
three and we remove a certain number of points where we will perform the gluing.
The antipodal map on R? induces a Z, action on our base space and we assert that
our setup is invariant under this involution. We also assert that the fixed points are
part of the set of points we remove. Next, we pick the harmonic function such that,
near the singularities, the Gibbons-Hawking space is modelled on the Taub-NUT
space. More precisely, if a singularity is at a fixed point of the Z, action, we model
it on the Taub-NUT space with negative mass’” —4 and otherwise we model it on
the standard® Taub-NUT space. We control the model at infinity by our the choice
of lattice and by the number of singularities we allow to form. Our bulk space will

be the Z, quotient of this Gibbons-Hawking space. More details will be given in

%See, e.g. [Foscolo| (2019), [Fine et al|(2017), Hein et al | (2022) or |Schroers & Singer| (2021)
"That is, the Gibbons-Hawking ansatz on R¥\ 0 with A = ¢ + o 2| |
8That is, the Gibbons-Hawking ansatz on R3\ 0 with h = ¢ +

2|90|
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Section [3.1]

In the second step of the gluing construction, we choose for each singularity a com-
plete hyperkéhler manifold that asymptotically shares the same topology and metric
as the model space (See Figure . We refer to these complete manifolds as bub-
bles. In our case these bubbles will be rescaled versions of Taub-NUT spaces and
Atiyah-Hitchin manifolds. Because the asymptotic geometry of these bubbles co-
incides with the geometry near the singularities, we can identify these regions and
create a complete differentiable manifold. This will be the underlying manifold of
our gravitational instanton. Using a partition of unity we equip this manifold with

a metric that is approximately hyperkéhler.

Figure 2: Pictorial representation of the gluing construction. We complete the bulk
space by adding ‘bubbles’ using a connected sum construction. In our case these
bubbles will be rescaled versions of Taub-NUT spaces and Atiyah-Hitchin manifolds.

Instead of constructing one gravitational instanton, we do this gluing procedure for
a l-parameter family of bulk spaces and bubbles. This extra parameter e, which we
call the collapsing parameter, will measure the quality of our first approximation.
We set up the gluing such that, in the limit, the error of our approximation vanishes.
The explicit choice of our collapsing parameter will be explained in Section [3.3] and
it relates to the size of the circle fiber. Therefore, in the limit where € is zero,
the manifold will not be a gravitational instanton, but will collapse to a flat 3-
dimensional space. To solve this issue, we set € sufficiently small and use a separate

perturbation argument to turn the space into a genuine hyperkéhler manifold.
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The elliptic problem

To perturb the approximate solution, we phrase the hyperkéihler conditions as an
elliptic PDE which we will solve using the inverse function theorem. Before, we de-
fined a hyperkédhler manifold as a Riemannian manifold (M, g) with three compatible
Kahler structures that satisfy the quaternion relations. Although this definition is
beautiful in its simplicity, it is hard to solve. Therefore, we will introduce an alterna-
tive formalism in terms of Kéhler forms which will be used to set up the deformation
problem. The perturbation argument explained here is a slightly modified version
of that used in Schroers & Singer| (2021)).

Given a hyperkéhler manifold (M, g, I1, I3, I3), consider its Kéhler forms w;. Instead
of treating all Kéhler forms equally, we fix a complex structure I; and consider the
holomorphic volume form we = wy + v/—1lws. Because Kihler forms are elements of
Q1(M) and holomorphic volume forms are elements of Q*°(M), w; A we = 0. By

varying the complex structures I;, we find
w; Aw; = 0 for all 7 # j.

This implies that all three Kéhler forms are orthogonal with respect to g. At the
same time, the hyperkéhler condition requires the three complex structures to be
Kahler with respect the same Riemannian metric g. This implies %wi A w; = Vol!
for all 4 € {1,2,3} and hence w; is a pointwise orthonormal frame on ATT*M. In
general, the triple we get from the gluing construction is not orthonormal. However,

for our analysis it will be sufficient if this triple is linearly independent.

Definition 2.12. Let M be a four dimensional manifold and let w = (wy,ws, ws)

be a triple of 2-forms.

1. We say w is a definite triple if there is a volume form u and a positive-
definite matriz P € C*(M) ® Sym*(R?) such that

1
§wi/\Wj:Pij'/L.

2. We say w is an orthonormal triple if it is a definite triple where P is the

1
uzégk:wk/\wk.

identity matriz and

31



W.A. (Andries) Salm 2. Background

According to Donaldson| (2006 there is a unique conformal class of metrics for any
definite triple such that w; spans the space of self-dual forms. This metric g can
be chosen uniquely if we also fix the volume form. The choice of volume form we
made in Definition is convenient, because it makes the Kéhler forms from a

hyperkahler metric automatically orthonormal.
Definition 2.13. Let M be a 4-dimensional manifold and let w be a triple of
2-forms. We say that w is a hyperkdhler triple if

1. it is a triple of closed 2-forms, and

2. it is an orthonormal triple.

Given a hyperkdhler manifold, the induced triple of Kéhler forms must be a hy-
perkéhler triple. According to |[Donaldson| (2006), the converse is also true, i.e. a
hyperkahler triple induces a unique hyperkahler metric. Hence, the use of hyperkah-
ler triples gives us an alternative definition for hyperkéhler manifolds which is more

algebraic. From now on we study hyperkéhler triples instead of hyperkéhler metrics.

We return to the gluing construction and we assume we found a definite triple of

closed 2-forms w. Assume there exists a triple of 1-forms a such that
w=w+da

is a hyperkahler triple. We will solve this for a. Because @ is hyperkahler, the
expression w; A w; — %&-j > x Wk A @y is a traceless, symmetric 3 X 3 matrix with

values in Q4(M). Therefore, we consider the projection map

Tf: Matsy3(R) ® QM) — Sym2(R?) @ Q*(M)

1 1 1 (1)
P®urs (§P+§P* _ gTr(P)Id) R L,

and our goal is to find a € Q' (M) @ R3 such that
Tf((w+da)?) = Tf(wAw) +2Tf(da Aw) 4+ Tf(da Ada) = 0. (2)
This does not have a unique solution, because Q! (M)®R? has rank 12, but Symj(R?*)®
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Q*(M) is only a rank 5 vector bundle. In order to solve this issue, we first remove
the gauge freedom a +— a + d f: According to Donaldson| (2006)), there is a unique
metric g such that w; span QT (M) and Vol! = 33, wi A w,. We fix the gauge
by assuming d*a = 0. In order to fix all remaining 9 degrees of freedom, we also

assume that a satisfies
. 1
dahw=d a/\w:—ﬁTf(w/\w—l—da/\da). (3)

Next, recall that w; span Q7 (M) and the wedge product is a non-degenerate pairing

on Q. Therefore, the map

A: QN (M) @ R* — Mats,3(R) @ Q*(M)

oo N\w

(4)
is a bijection and Equation |3|is equivalent to
+ L
d a:—ﬁA Tf(wAw+daAda). (5)
Combining Equation |3| with the gauge fix d*a = 0, we conclude a must satisfy
1
(d*+d")a= —§A_1 Tf(wAw+daAda).

Our choice of gauge is convenient, because (d* +d*) is a Dirac operator:

Lemma 2.14. The operator

P: QM) Q" (M) QF (M) — QM) @ Q' (M) @ QF(M)

Fisdf f e’ (M)
ars (d*+d5)a a€ QM)
o 2d"o o€ QF (M)

is a Dirac operator such that D % equals the Hodge Laplacian.

Proof. Consider the canonical Clifford structure with the Dirac operator d +d* on
the space of forms (See Example 3.19 in Roe (1998)). The volume form and the
Clifford action induce a Z, grading on A®* T*M and decompose it as ST @ S~. Each
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of these subbundles can be identified as
SE=Q%M) e QY (M) @ QF(M).

Under this identification d +d* becomes ) and hence ] is a Dirac operator. ) 2
can be calculated explicitly, which will show ]2 ? is the Hodge Laplacian. O

We assume that a lies in the image of 2: (Q°(M)®Q+(M))QR? — QY (M)QR3. This
has the advantage that the linearised version of Equation [5|is the Hodge Laplacian

and that a can be described by a section of a trivial bundle. Moreover, if we write
a=P (u+¢) withu € Q°(M)®R? and ¢ € Q" (M) ®R?, then u and ¢ must satisfy

AC=— %Al THw Aw) — 20 TH(d d* ¢ A dd* (), (6)

Au =0.

We fix the gauge d*a = 0 by setting u = 0. We will solve Equation [6] using the

version of the inverse function theorem given in Lemma 6.15 in |Foscolo| (2019):

Theorem 2.15 (Inverse function theorem). Let F(z) = F(0) + L(z) + N(z) be a

smooth function between Banach spaces such that there exist r,q,C' > 0 satisfying
1. L is an invertible linear operator with ||L71|| < C,
2. |[N(x) =Nl < q-lle+yll -l —yll for all z,y € B,(0), and
5. 1F(O)] < min { ks, 5 .

Then, there exists a unique x in the domain of F such that F(x) =0 and ||z| <
2C[F ()]

Heuristically, condition 2 of Theorem [2.15| requires the non-linear part of F' to be
‘quadratic’. (Compare this condition to the identity (a + b)(a — b) = a* — b?.) A
quick glance at Equation [0] suggests that this is indeed true. Similarly, condition 3
gives us a requirement for how good our approximate solution must be. We will use

the collapsing parameter to satisfy this condition.

Lastly we need to find suitable Banach spaces such that the Hodge Laplacian on

QT (M) ® R3? is invertible with bounded inverse. This is not obvious and proving
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this will be the main bulk of this thesis. However a small calculation will show it is
sufficient to study the Laplacian acting on functions instead. To see this, trivialise
¢ € QT (M)®R? into ¢; = u;jw; and use Riemann normal coordinates {x;}. By the
Weitzenbock formula (Roe| (1998) Equation 3.8),

Alugw;) =P *(uw;) = =V*Vi(ujw;)+ R (ugw;),

where R is the Clifford contraction of the Riemann curvature tensor. Using the

trivialisation of ( and the fact that the Clifford contraction is C'*°-linear,

A(uijwj) = (Au”) . wj — 2Vkuw . Vk Wj + Uij . [—Vkvk Wj"i‘ % wj]
= (Auyy) wj = 2V, wj + g P *(w)).
The term ) *(w;) will vanish, because w; is closed and self-dual. When w is a
hyperkéhler triple, Vw = 0 and hence A(u;jw;) = (Au;;)w;. We expect that, when

w is sufficient close to being hyperkéhler, the Hodge Laplacian on Q (M) and the

Laplacian on functions define equivalent operators.
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3 Almost hyperkahler manifolds

In 1997, Ashoke Sen proposed a gluing construction for Dy-ALF instantons as an
application in string theory. Namely, in his paper, considered n D6-
branes with an orientifold plane in type ITA string theory (See Figure . In M-
theory a D6-brane corresponds to the Cartesian product of R%® and a Taub-NUT
space. Similarly an orientifold plane is related to the Cartesian product of RS
and the Atiyah-Hitchin manifold. Due to this product structure, Sen assumed that
his 11-dimensional manifold decomposed into R and a 4-dimensional hyperkéihler
manifold M. He claims that M can be constructed as follows: He started with the

D6 Orientifold D6

Figure 3: Graphical depiction of two D6-branes and one orientifold in type IIA string
theory.

Gibbons-Hawking Ansatz on a punctured R?® with the harmonic function

—4 1 1
h(z)=1+-—+)_ +

2[x] 2l +pi| 2z —pi|’

i

where p; # 0 are the positions of the D6-branes. Sen only considered the region of
the Gibbons-Hawking space where h is strictly positive, because near the origin the

metric degenerates. The Gibbons-Hawking metric near the origin approximates

1 2
2 2 ,'7 Y
const —r + O(|z]?)

(Const —% + (9(]35\2)) grs +

which approximates the Taub-NUT metric with mass —4. Similarly, this Gibbons-

Hawking metric approximates the standard Taub-NUT metric near the singularities

Di-

36
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Secondly, he considered the Z, action induced by the antipodal map on R®. He lifted
this involution such that near the origin it coincides with the projection map to the
Atiyah-Hitchin manifold from its branched double cover. The metric is invariant
under this involution and hence Sen quotiented the circle bundle by this Zs action.
He claimed that the region near p; approximates the Taub-NUT space. Similarly,
he claimed that near the origin the metric approximates the Atiyah-Hitchin metric
and he claimed that this can be made complete by gluing in these spaces. Although
Sen never did this gluing explicitly, Schroers & Singer| (2021 formalised his argu-
ment in their quest of finding geometric models of matter M. F. Atiyah et al.|(2012).

In this chapter we extend the work of Sen and explain the construction of our approx-
imate hyperkdhler manifold. In Section we construct the bulk space using the
Gibbons-Hawking ansatz. We explain our choices for the base space and harmonic
function and by studying the Green’s functions we will find explicit estimates. After
we find the circle bundle and involution, we do a parameter count for our choice
of connection in Section [3.2] Next, we return to the construction of the bulk space
and introduce the collapsing parameter in Section and finish the construction in
Section Before we end the chapter, we study the topology and compare it to

known classifications in Section [3.51

3.1 The bulk space

Similarly to what Sen did, we will construct the bulk space using the Gibbons-
Hawking ansatz. Instead of considering R?, we consider R* modulo a non-maximal
lattice L, i.e. a lattice whose rank is less than three. Before we apply the Gibbons-
Hawking ansatz, we assign a certain number of points where singularities are allowed
to form. After we apply the Gibbons-Hawking ansatz, we lift the antipodal map of
R3 to the circle bundle and consider its Z, quotient as our bulk space. These spaces
are the main topic of this thesis and will be used throughout without reference.

Hence, we will define them formally:

Definition 3.1. Fiz once and for all a non-mazximal lattice L on R3.

o We call the quotient B := R3/L, endowed with the flat metric, the base

space.

o We refer to the map 7: B — B that is induced from the map v — —x on

R3 as the antipodal map.
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o We denote the fized point set of T by {q;} and we call ¢; a fized point or a
fixed point singularity. Unless specified otherwise, we call the action induced

by T on B, the Zo action on B.

Because L is non-maximal, the basepace B can only be diffeomorphic to R?, R? x S*
or R x T?. We will see later that each case yields different kinds of gravitational
instantons and will require different kinds of analysis. When we distinguish these
cases we will write B=R3, B=R?x S' or B=R x T2

When the lattice L is trivial, the only fixed point is the origin. However, in the other
cases we have two or four fixed points respectively. Just as in |Sen| (1997), we pick a
certain number of points which we remove from B. It turns out we need to impose
some restrictions on the number of singularities, which are given in the following

definition. In Lemma [3.4] we see the necessity of these requirements.

Definition 3.2. Fiz once and for all a finite set of points {p;} € (B \ {q;})/Z.
We call an element p; a non-fized point or a non-fized singularity. When B # R?,

the number of non-fized points must satisfy:

R2x S| R xT?

Mazimum number of non-fived points 4 8

Now let € > 0 be small and denote
B' = B\ U{£p;} \ U;Buc(q;)- (7)

We call B’ the punctured base space.

Our goal is to apply the Gibbons-Hawking ansatz over B’ that approximates the
Taub-NUT metric near the p;’s and the branched double cover of the Atiyah-Hitchin
metric near the fixed points g;. For this we first need to construct a suitable harmonic
function with the correct asymptotics near the singularities. For the Taub-NUT
metric this requires that the harmonic function must diverge as 2—1r at +p;. For
the Atiyah-Hitchin metric this requires that the harmonic function must diverge as
_72 at g;. Because the Gibbons-Hawking ansatz requires harmonic function to be
positive, we had to remove a ball around the points g;. This explains the definition

of the punctured base space B’. The exact choice of radius for By.(g;) in B" will be
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3.1. The bulk space W.A. (Andries) Salm

determined later when we study the gluing in more detail. For now it is sufficient
that the radius is small enough such that the balls By.(g;) are pairwise disjoint and

B’ is connected.

Harmonic function

Recall that the Green’s function on R? is given by G(z,z') = This implies

471'|x /|

that near p;, the harmonic function h must satisfy Ah = 27d(x — p;). Similarly, near
the fixed point singularities, the harmonic function h must satisfy Ah = —87d(z —

¢;)- By linearity this can be done globally, and hence we need to solve

Ah=—81Y 8z —q) + 27r26(x —pi) +0(x + pi)

J

on B. To solve this, we first recall the Green’s function for R?/L.

Lemma 3.3. Let p € B. There exists a smooth function G on B\ {p} that solves
AG = 2nd(x — p) on B,

is invariant under the involution centred at p, and has the following asymptotic

expansion near infinity:

1 2 2 2\—1 _ 3
o2 /z 2+y 122 +O((z* +y*+27)7) B=R
47rVol InVol(5T) log(2? + y?) + O(e 2V Hv?/Vellsh)) - B — R? x !

~ Vol T2 || + O(e7 1) B=R x T2

G(z,y,2) =

Proof. On R3, the function G can be found explicitly and is given by G(z,y, z) = ﬁ
For the rest of this proof we work out the case B = R xT2. The case B = R? x S! is

similar and an alternative proof can be found in|Gross & Wilson (2000)), Lemma 3.1.

We equip R x T? with coordinates (x,y,z) such that the metric is given by g =
d? + gr2. Without loss of generality we assume that p is at (0,0,0). Let N € N

and consider the function

1 )
—‘.I" + Z f\/m2+n2|x|€z(my+nz)

GV -
(xawa) VOI(T2) /m2 +TL2

0<|(m,n)|<N
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The function G + 5 2| is an L? function on R x T, because the summand is
exponentially decaying. By construction GN = GV, and so GV is real valued. We

claim that GV + is a Cauchy sequence in L2. Indeed, for any M > N,

vol(T2 ||

2 1 _
HGM _ GN||L2(R><T2) :W Z m =O(N 1).

N<|(mn)|<M

Define the limit of GV as G. We show that G solves AG = 276 as a distribution.
For this, let f € C®(R x T?), § > 0 and D = (R Bs(0)) x T?. We consider
(Af,G) 12(p)y for some sufficiently small §. By integration by parts,

<Af7 G)LQ(D) = lim <Af G >

N—oo

(N
N—roo S5 (0)x T2

The function G is defined as a sum of harmonic functions, and therefore ( f, AG™) 2(p) =
0. Next we consider the Fourier decompositions of f and G, i.e. f =3, fra(x)eitkyie)
and G =) 2€mv2) - This simplifies our calculation of (Af, G)rz2(py, as

m nEZ

. A_afkl r aémn i((k—m —n)z

J
afmn r 8Gmn

— 1 2
—J\}l_f)ﬂoo\/ol(T) Z

[(m,n)|<N

—0

We evaluate the right hand side explicitly, which is

(Af, G>L2(D) =—om (8(;”;0 (6) — %(—50 +m (foo(é) + foo(—5))

. Z _Wunm\ <+fmn(5) + fmn(—5)> .
(m,n)#(0,0)
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When we take the limit 6 — 0, we conclude

(Af,G)ro@xrsy =27fo0(0) + 21 > fina(0) = 27£(0,0,0).
(m,n)£(0,0)

Finally, we investigate whether G is smooth outside p. For any open U away from
p, the function G satisfies AG = 0 as a distribution. According to Folland| (1995))
Proposition 6.33, G is an element of W*2(U) for all k € N. By the Sobolev inequal-
ity, G must be smooth. ]

Taking linear combinations of G we are now able to construct the harmonic function

that is required for the Gibbons-Hawking ansatz:

Lemma 3.4. Write #{p;} for the number of pairs p; in (B —{q;})/Z>. Let G be
the Green’s function defined in Lemma and consider

= A0 )+ G )+ Gl ).

Let r be the Euclidean distance from the origin on R3, R? or R when B = R3,
B =R?x S! or B=R x T? respectively.

(a) Near infinity,

HHREL - 0() if B =R
h=4qpB-(8—=2 -#{p}) log(r) +O(r2) if B=R?*x S!
B-(16 —2#{p;}) -7+ O(e™") if B=R x T2

for some >0, and 3 only depends on the lattice L.

(b) Near the fized points q;, h(x) = o — ‘w i (9(| — q;|?) for some a; > 0.
Near the non-fized points £p;, h(z) = a; + 2lz¢p‘| + O(|z F pi|?) for some
o; > 0.

(c) There exists an & > 0 such that €' + h is a harmonic function on B’ =
B\ U{#p;} \ U;Bac(q;) which is greater than § for all 0 < e < 6.

(d) The only maps that satisfy

1. Ah = —8m > 0(x —qj) + 2732, 6(x — pi) + 0(z + pi),
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2. h is bounded below on B,

are the maps h = h + ¢ for some constant ¢ € R.

Proof. Part (a): These estimates follow from the expansion given in Lemma [3.3]
When B = R? or B = R? x S!, the leading error term in O(r~2) or O(r~!) respec-

tively, disappears due to the Z, invariance.

Part (b): Recall that on any small ball U centred at p; in B, the function h satisfies
Ah = 276(x — p;). The function

z—pi|
spherical harmonics yields

m also satisfies this equation. This implies

is a harmonic function on U. Expanding this difference in terms of

1

M) — ——

= a; + O(|z — pif*)
for some o; € R. Similarly, we can expand h near the fixed point ¢;. In this case

the linear term will vanish due to the Zs invariance of h.

Part (c): We consider ¢! + h. We already know that it is harmonic on B’, and
hence we only need to find when it is greater than % By the maximum principle
any harmonic function attains its minimum on the boundary, where we have explicit
estimates. Near the point p;, the function h diverges to +o0o with rate % Hence, it
is positive near this boundary. On the boundary near the fixed point ¢; we have the
estimate

1
elth=cl4a; - 56_1 + O(€?)

This diverges to 400 as € tends to 0. Lastly, we consider the boundary at infinity.

At this boundary, the function h can only attain 0 or +00, and using the conditions

specified in Definition [3.2] the case h|,, = —oo is discarded. Hence h is bounded

1

below and e~! + h can be chosen strictly positive, greater than 5

Part (d): We only show uniqueness. Suppose that h satisfies

1. Ah = —8r > 6(r —qj) +2m ) 0(x — pi) + 6(x + pi), and
2. h is bounded below on B'.

Then, u := h — h is a harmonic function on B which can be lifted to a harmonic
function on R3. We claim that u = O(r). Indeed, due to part (a) the lower bound
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of u diverges at most linearly to —oco and hence we only need to study the upper
bound. For this, fix 7 > 0 sufficiently large and consider the map u (z) := u(x)+1—
infycp,, (o) u(y). This is strictly positive on By, (0) and hence the Harnack inequality
implies for all z € B,(0),

ul(z) < 6u(0).

i

For sufficiently large r, this can be rewritten as

u(z) <C+5 sup  h(y)
yEBa,r(0)NB’

for some constant C' > 0. This implies u is a harmonic function of order O(r). The
only harmonic functions that satisfy this are the affine functions, but the only affine
function that makes h = h + u bounded below is the constant function. Therefore,

u must be constant. O

Remark 3.5. Although in Lemma [3.4(a) we used the supremum norm, estimates

for the derivatives can be obtained using elliptic regularity estimates. For example,
2|pi|—4

when B = R3, the map h(z)—a— =5, is a harmonic function on the asymptotic re-

gion. According to the weighted Schauder estimate from [Bartnik (1986) Proposition
1.6, for each k € N there exists a C' > 0 such that

9t (o) —a = 2= () o= 22 =1)

<C
2r - 2r

< 0.
Co

Co

This implies that V* <h(x) —a-— M) = O(r~2F) for all k.

2r

Circle bundle and involution

Using the existence of the harmonic function h, we can study circle bundles P over
B'. According to (Chern| (1977) all principal S'-bundles are classified by the first
Chern class. That is, for each element in 0 € H?*(B’,Z), there is a unique principal
S'-bundle P — B’ and a (non-unique) connection® 7 such that o = 5=[dn]. The
Gibbons-Hawking ansatz requires * d h = d n and hence it is sufficient to show xd h
is represented by an element in the integral cohomology class. We already know h

is harmonic and hence *d h is closed and induces an element in H3p(B’).

9The factor —1/27 is due to the identification of u(1) = iR with R.
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Lemma 3.6. For all ¥ € Hy(B'), we have that 32 [ «xdh € Z and *dh is
represented by an element in H*(B', 7).

Proof. First we need to calculate the second cohomology class of B’. Notice that B
can be reconstructed from B’ by adding a certain number of balls that are centred
around the singularities, and hence the topology of B’ can be determined using the

Mayer-Vietoris sequence. The relevant part of this sequence is
0 — H*(B,Z) — H*(B',7) — z*#Pri+#lu} 5 0,
Using the explicit topology of B € {R3 R? x S R x T?}, we conclude

72 # {pit+#{a;} if B=R3
HQ(B/) = { 72##{pit+i#{e;} if B=R?2 x S!
72 #pi+#H 4+l if B=R x T2.

Most elements of Hy(B’) are given by the 2-spheres centred around the singularities
+p; and ¢;. When B = RxT?, there is one extra cycle which is the 2-torus at infinity.
Using Lemma (b) we have explicit estimates for * d h near the singularities. Using
this and the fact that | 52(p) ¥ d h must be radially independent, we conclude that

-1 -1

— xdh =1, — xdh = —4.

2w 52 (+p;) ™ 52(q5)
Finally, we need to calculate [, *dh over the 2-torus for the case B = R x T?. We
use a similar idea as in|Charbonneau & Hurtubise| (2011]) Proposition 3.5: Pick some
x > 0 sufficiently large and consider the integral 5—; f[fmc]xTQ d+dh. This integral
must vanish due to the harmonicity of h. The boundary of [—z,z] x T? C B’

decomposes into
{a} x T?| S (p) | | 0;5%(g),

and hence Stoke’s theorem implies

0= / sdh+ / *dh—z / *dh—Z/*dh.
iS ) 7

{z}xT? {—a}xT? 2(Lp; 52(q;)
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When we impose the Z, invariance of h,

—1

o 2>x<dh:4|qi|—2|pi|:16—2|pi|EQZ.
{z}xT

This concludes the first part of this lemma. In order to conclude that [*dh| is
induced by an element in H*(B’, Z), we notice that Hy(B') has no torsion. Therefore
the map H?(B,Z) — H3,(B’) is injective and its image contains all [o] € H3(B')
such that 52 [ o € Z. O

Definition 3.7. Let h be the harmonic function defined in Lemma [3.4 The
principal circle bundle P that satisfies ¢1(P) = [xdh] will be referred to as the

principal bundle.

Similarly to what Sen did, we want to lift the antipodal map 7 to a free Z, action 7
on P. In order to glue in Atiyah-Hitchin at the fixed points ¢;, we need to require
that 7(e" - p) = e . 7(p) for all p € P and ¢ € R. We claim that such a lift exists.

Lemma 3.8. There exists a lift T of T on P such that for all p € P and ¢ € R,
(e p) = e F(p),

and this lift is unique up to gauge transformation.

Proof. Using the explicit bijection between principal S'-bundles and H?*(B’,Z) in
the proof of |Chern| (1977)), one can show 7 exists if and only if

Txc1(P) = —c1(P).
This is satisfied, because the harmonic function A is invariant under 7.

In order to show uniqueness, assume that there are two lifts 7, and 7. For any p € P,
the involutions 7; and 7> map p to the same fiber and hence there is a ¢, € R such

that 7,(p) = €» - 7(p). Hence, these lifts only differ by gauge transformation. [
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Definition 3.9. Unless specified otherwise, we refer to 7 from Lemmal3.§ as the

Zo action on P.

Let 1 be a connection on the principal bundle P. Because ¢ (P) = [*d h], we can pick
1 such that it satisfies the Bogomolny equation xd h = dn. With this information
we are able to apply the Gibbons-Hawking Ansatz and h gp +h~'n? is a hyperkihler
metric on P. We also have a free Zy action on our principal bundle. If we make 7
antisymmetric under 7, then the Gibbons-Hawking metric will be invariant under
this involution and the Gibbons-Hawking metric descends to an hyperkihler metric

on P/7Z,, which we pick as our bulk space.

3.2 The parameter space of 7

Before we continue with the gluing construction, let us first determine the freedom
we have in choosing 7. Let n and 7 be two antisymmetric connections on P satisfying
the same Bogomolny equation *d h = dn = d 7. Their difference must be a pull-back
of a closed 1-form on the base space. If this 1-form is exact, the connections differ
by a gauge transformation, in which case the induced Gibbons-Hawking metrics
hgp + h~'n* are isometric. Therefore, we only consider 7 — 1 up to exact form and
view it as an element of H'(B’). By the Mayer-Vietoris sequence, H'(B') = H'(B),

and so

0 if B=R?
[ —nl =< aldz] if B=R?x S!
aldy]+0bldz] if B=RxT?

where a,b € R. If @ and b are integers, then the gauge transformations e’%* and
e @tb2) are well-defined and identify n with 7. If a and b are not integers, then 7
and 7) are not gauge-equivalent connections, as their holonomies at infinity differ.

We conclude,

Proposition 3.10. When B = R3, the connection n is uniquely determined up
to gauge transformation. When B # R3, the connection is uniquely determined
up to an element in H'(B,R)/H"(B,Z).
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An alternative way of studying the degrees of freedom in 7 is to consider the con-
nection it induces at infinity: According to Lemma [3.4] there is some constant ¢ € R

such that
—£-Volg2 +O(r™*) if B=R?

dn=xdh= ¢ -Volpz +O(r=3) if B=R?x S!
c-Volpr2 +0(e™") if B=R x T
According to Lemma3.6] the closed 2-forms —5-Volgz and c-Volr= are representatives

of elements in H?(S?,Z) and H*(T?,Z) respectively and hence there is a connection

s ON an circle bundle over S? or T2 such that

O(r=) if B=R?
dn=dn. +0(r™3) if B=R?*x S!
O(e™) it B=RxT

Because dn and d 7, represent the same element in H?, there is a 1-form 7., on the
asymptotic region of B, such that dn = dn. + d7. By the following version of

the Poincaré lemma, we can pick 7., with an explicit decay rate:

Lemma 3.11. Let ¥ be a compact n-dimensional manifold and consider U =
R x X. Let 7 be a closed k-form such that at some 1y € R, 7'|{,,0}X2 = 0. Then

0= / (to,7)ds
s€(ro,r)

the radial integrand

satisfies dn = T.

Proof. Calculate dn in local coordinates and apply the fundamental theorem of

calculus. O

Using remark [3.5] with the explicit integration in Lemma [3.11] we conclude that for
all k € N,
r=3-k if B=TR3
Vo = 4r727* if B=R? x S
e if B=R xT?

with respect to the Euclidean metric on B.
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By construction, the difference between n and 7., + 7 is closed. The space of flat
U(1)-connections on a compact 2-manifold X is parametrised by H*(3,R)/H (X, Z),

and hence we can pick 7., such that n — 7, — 7 is exact. In summary,

Lemma 3.12. Let v be the Euclidean distance from the origin on R3, R? or R
when B = R3, B = R?2 x S' or B = R x T? respectively. Far away from the
singularities, there exists an r-independent connection 1. on a S'-bundle over a

compact set and a 1-form 1., on the asymptotic region of the base space such that

N = Noo + oo
up to gauge transformation. With respect to gg,

o) ifB=F
VFie =< O 2% ifB=R?x S!
O™) ifB=RxT?

for all k > 0.

When B = R3, the connections 1 and 7, are uniquely determined up to gauge
transformation. Similarly, when B = R x T2, both n and 7., can both be chosen
from a 2-parameter family. However, in the case B = R? x S! we have two degrees
of freedom for the asymptotic connection, while according to Proposition we
only have one for n. In order to explain this apparent discrepancy, we describe the
circle bundle over the asymptotic region of R? x S with explicit coordinates. In
these coordinates we give the asymptotic connection explicitly and solve the appar-

ent discrepancy by considering the holonomy.

Consider R? with the coordinates {¢, z,t} and quotient it with the free Z* action
(n,m,p) - (¢, 2,t) = (¢ + 2w n,z+ 2n m,t + 27 p + 2mc m @), (8)

where c is a fixed integer. Under the projection (¢, z,t) — [¢, 2] € T?, the space
R3/Z3 becomes an S'-bundle over T2. For any a,b € R the 1-form

No =dt —czdop+adop+bdz

is invariant under the Z3 action and descends to a connection on R3/Z3 satisfying

48



3.2. The parameter space of 7 W.A. (Andries) Salm

dne = ¢ Volprz2. The values a,b € R/Z are the variables by which the space of
connections on T? is parametrised. One can calculate the holonomy along Sqls x {20}

and {¢o} x S! C T? which is e?7(¢20=9) and e=2m"(¢ %0+ regpectively.

We focus now on the case when at infinity the connection 7., is identified with the
connection 7 that was constructed by the Gibbons-Hawking ansatz. By calculating
the holonomy of 77, we can retrieve the values of a and b. As explained in Proposition
3.10, any value for b € R/Z can be attained. We claim however, that a must be
zero. Indeed, consider the loop 7 along the circle in the punctured plane B’|,—
and consider the holonomy along this circle when the radius ry is very large. The
principal bundle over the punctured plane B’|,— is trivial and hence there is an

no € QY(B’|.—o) such that n trivialises as d ¢ + 1. The holonomy along 7 is given by

Hol(y) = — /770 € R/27Z.
v

Let Ann be the region in B’|,—y that is bounded by ~. That is, Ann is a punctured
plane in B with boundaries 7, 74, and ~4,, where 74, and v, are arbitrary small
loops around the singularities that lie in the plane z = 0. By Stoke’s theorem and

the Bogomolny equation,

Hol(fy):—/noz—/ *dh—/ 770—2/ Mo-
¥ Ann Yag i Ytpy

Because the harmonic function A is invariant under the antipodal map, xd h is anti-
symmetric and hence [ 4 *dh vanishes. To consider the contribution f,yqo Mo, We
consider the upper half sphere S*(go) with boundary ~,,. According to lemma ,
h~a;— \x——qul + O(|z — qo|?), which implies

/ 770:/ *dh:/ 2Vol(5%) + O(r) = 4r.
Yao S*(qo) St (q0)

A similar calculation can be done for f% 1. Because the non-fixed points come
P

in pairs, their contribution will again be a multiple of 27, and hence
—27 - a € 277.

Because Hol(y) € R/27Z, we conclude a = 0. A similar study is done for the case
B =R x T? by Hein et al.| (2022)), and hence in general we have:

49



W.A. (Andries) Salm 3. Almost hyperkédhler manifolds

Proposition 3.13. When B = R? x S' or B = R x T?, there exists a unique

connection 1. on an S'-bundle over T? such that asymptotically

O(r=?) if B=R*xS!

1= oo +
O(e™) ifB=RxT?

up to a gauge transformation. Moreover, in the coordinates {r,$,z} or {r,y, z}

on R? x St or R x T? respectively, the bundle P|,—. can be trivialized such that

dt—czdo+bdz if B=R?x St
dt—czdy+ady+bdz if B=RxT?

Noo =

for some a,b € [0,27) and c € Z.

When P|,— is non-trivial, one can use rotations and translations to set the con-
stants a and b in Proposition to arbitrary values. For example, in the case
B = R? x S' with coordinates {r,¢,z}, fix ¢9,20 € R and consider the path
Y(s) = (r,¢ + ¢o s,z + 2z s) on B. In the coordinates used in Equation [§ the
horizontal lift of this path at infinity can be chosen such that

Y(1) = (¢ + ¢o, 2 + 20, t + o - 2).

This horizontal lift induces a diffeomorphism on P which is isometric on B. More-

over,

VMoo = Moo = CPod z — czpd ¢.

Hein et al.| (2022)) also made this observation and argued that ALH manifolds will
have a and b as parameters for their moduli space, but ALH* does not. We expect
a similar behaviour in our ALG*/ALG case. Namely, the action of v can be viewed
as a rotation on the R? plane in B = R? x S!. Under these rotations one can map
Nso tO the fixed connection dt — czd ¢. Moreover, this transformation acts on the
Kihler forms by a hyperkihler rotation. By rotating the base of R?/L in the opposite

direction simultaneously, one can keep the Kéhler forms fixed while modifying 7.
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3.3 The collapsing parameter

We return to the construction of the bulk space. The second step of the gluing pro-
cedure is to pick a collapsing parameter. From the Gibbons-Hawking construction

there are two obvious parameters to choose:
e The constant in the harmonic function h.
e The global scale of the metric.

Indeed, according to Lemma [3.4] the function A is uniquely determined up to a
constant, and for any C' > 0, the function C' + h satisfies the Bogomolny equation
for the same connection. Hence C' is a free parameter which can be varied in our
construction. Similarly, given an hyperkédhler metric g, the metric C' - g is also
hyperkéhler. Although these parameters look independent, they are actually related
by a coordinate transformation. Indeed, trivialise the metric on the base space

g = dz? +dz? + da? and consider the Gibbons-Hawking metric

1
= (C+h)da; + ——n".
9= )dzi + =
Next consider the transformation Z; = C'z; and denote g = d 7% + d 735 + d#3. In
these new coordinates the metric reads
9= OC+ s+
C+h
Comparing the hodge dual for g and gp, one can show *92 d(1+C~'h) = dn. This

implies that the metric

1

0= (1 =115 - 2
C-g=(1+C h)g3+1+0_1h'rz

also arises from the Gibbons-Hawking ansatz. Moreover, the Green’s function on
B transforms as Gy, (x,x9) = C - G5,(Z,C - xp) and so the rescaling of the metric
can be viewed as a combination of a rescaling of the lattice L, a translation of the

singularities and a change of constant.

Because changing the harmonic function and rescaling induce equivalent metrics, we
pick our collapsing parameter as a combination of them. We choose our metric such
that for any point on B’, the length of the fiber converges to 2we as our collapsing

parameter € tends to zero:
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Definition 3.14. Consider P, 7 from definitions[3.7 and[3.9 and h from Lemma
[3.4. Let n be a antisymmetric connection on P such that xdh = dn. For any

€ > 0 we define the harmonic function
he =1+ ¢h.

From now on, the metric that is induced by the Gibbons-Hawking ansatz with the
harmonic function e *+h and n, and is rescaled by a factor of € will be called the

Gibbons-Hawking metric and denoted as ¢ . Explicitly, it is given by

62

gGH = hsgB + h 772

and its Kdhler forms are

wa =edx; An+hcdrs Adag
wQGH =edxs A+ h.drg Ada
w:?H =edxs An+ hedzy Adas.

The hyperkdhler space (P/Zy, g%, wSH) will be called the bulk space.

()

3.4 Gauge fixing and the gluing of Kahler forms

In the third step of the gluing construction we make the bulk space complete and
equip it with an almost hyperkéhler metric. To do this, we have to identify the
asymptotic regions of the Atiyah-Hitchin manifolds and the Taub-NUT spaces to a
neighbourhood of the singularities. Due to our choice of harmonic function h, this
can be done explicitly. For example, on the tubular neighbourhood of P near a fixed
point singularity ¢;, the Gibbons-Hawking ansatz yields a circle bundle over R x 52
of degree —4. As explained before, the asymptotic region of the branched double
cover of the Atiyah-Hitchin manifold has the same topology. Moreover, on this
neighbourhood, both the Atiyah-Hitchin metric and the metric on the bulk space

approximate the Taub-NUT metric with mass —4 and their involutions co-inside.

Instead of interpolating the metrics we will interpolate the Kéhler forms. In order to

get the correct error estimates, we have to modify the diffeomorphism between the
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bulk space P/Z, and the asymptotic regions of the Atiyah-Hitchin manifolds and
Taub-NUT spaces using a suitable gauge transformation. We explain our choice of

gauge transformation and we give the interpolated forms explicitly.

Because the Taub-NUT metric with negative mass is a suitable model for the Atiyah-
Hitchin manifold, we will use it to measure the errors on the gluing region. Similarly,
we will use the standard Taub-NUT metric as the model metric for the non-fixed
singularities. These metrics will be used later in the thesis and hence we will fix

them once and for all:

Definition 3.15. Let p; be a non-fized singularity and let r; be the distance to p;
on B. Let a; > 0 be such that, near p;, h(x) = a; + m + O(|z — pil). For the

model metric near p; define

2
hPt :=ay; + —, Pp, 1=1log 1,
T
h¥i =14 € h?", Q,, =r;" (hfi)_% )

Let UPi C B’ be a punctured neighbourhood of p; homotopic to S? and let nPi be

an ri-invariant connection of Ply»r; satisfying the Bogomolny equation
xd Pt =dnP.

Define gt to be the Gibbons-Hawking metric induced by hP* and nPt, i.e.

2
) ) € )
" = W gum + 5 ().

We call the hyperkdhler manifold (P|yri, gP) the model space near p;. Its Kdhler

forms are

Wit =edxy AP+ WP dag Adas
Wy =edxy AP+ WP dag Aday
Wi =edxs AP+ WP dxy Adas.

Also define the conformally rescaled model metric

2
) . € )
gl = Q2 g7 =dp? + gse + T (P2

23



W.A. (Andries) Salm 3. Almost hyperkédhler manifolds

Definition 3.16. Let q; be a fized point singularity and let r; be the distance to
q; on B. Let oj > 0 be such that, near q;, h(z) = o — M_qu' + O(|z — ¢;]*). For
the model metric near q; define

2

h :=o; — —, pqg; =logr;,

T

h¥ =1+ €h®, Q :zr{l (hgj)fé .

a5

Let U% C B’ be a punctured neighbourhood of q; homotopic to S* and let n% be

an rj-invariant connection of P|ya; satisfying the Bogomolny equation
xdh% =dn?.

Define g% to be the Gibbons-Hawking metric induced by h% and n%, i.e.

2

g% == h¥ gye; + € (77(1j)2.

h&

We call the hyperkdhler manifold (P|ys;,9%) the model space near q;. Its Kdhler

forms are

wy =edxzy AnY +h% dag Adas
wy =edxzy AnY + h% das Adaxy
wy =edxz An% + h% da; Adaxs.

Also define the conformally rescaled model metric

2
: v € .
9oy = ngg% = dPZj + gs2 + W('f?%ﬁ

Remark 3.17. The choice and use of the conformal rescaling will be explained in
Chapter [l Namely, it turns out that this conformal rescaling will be a useful tool
in understanding the analytical properties of the Laplacian. Moreover, one can view
the C* norms with respect to gf} and gg} as a generalisation of the norms in [Bartnik
(1986). For example, when u: U% — R is a function for which r'V! u is bounded

for all [ < k, then its induced function on the principal bundle Py has a bounded
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C* norm with respect to gg}. Indeed, the covariant derivatives w.r.t. gg} are given
by

ou

du = dz;
0@-
9%u ou
Vgdu= dr;®dxr; + —V ¢ dx;
gz; (91:18% ! axl ng’
Pu d%u ou
Vi, du=———"—dz;®dr; @da, + 2 Veda; ®0r; + —V, da;
95y 01:02;01), 7 M On0x; 9 T Bxy 9
..ete ...
By assumption, r2%, 12 832;,, e rkﬁ are bounded and hence |Ju|| is fi-
7 7 7 (AN i gz‘]f
nite if r—lv; q; dz; is bounded for all [ < k. By the Koszul formula one can estimate
cf

these terms explicitly!?, which proves our claim.

A second reason to use gf} and gg} is that higher derivatives will have the same
growth /decay rate as the functions itself. For example, according to Remark ,
VE(h — h%) = (’)(rjz-’k) with respect to the Euclidean metric on the base space.
Converting this to the conformal metric, one concludes
k ; kyrk ;
Vii(h—h%) ~ 71"V (h—h%) = (9(7“]2»).

Therefore, higher order estimates follow automatically from the C° estimate and we

can omit them in our calculations.

Let us come back to the study of the Kéhler forms. According to Definition [3.14]
the difference between the Kéhler forms of ¢“# and the model metrics are

WEH — WP =eday A (n —1P) 4 (he — hP)dx; A dxy,

W — ¥ =edx; A (n— 1Y) + (he — h¥)dx; Adwy.

Therefore, we need to estimate the difference between the connection 7 and the
connection on the model spaces. For this we use the same argument as in Lemma
3.12l For example, to estimate the closed 2-form d(n — n%) = P d(h — h%), we
use Remark [3.5 to conclude d(n — %) and its derivatives are of order 7% w.r.t. gg}.
Therefore, we can integrate d(n — %) from ro = 0 using Lemma [3.11] This yields

10Gee the calculations in Lemma
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a 1-form 7% such that
dn=dn% 4+dn¥.

Because H'(S?) = 0, the form n —n% — 7% is exact and hence we have:

Lemma 3.18. On a small annulus around each fized point singularity q;, there
exists a gauge transformation which identifies n with n% + n%, where n% and all
. . . 3 . q;
its derivatives are of order r; with respect to g.;.
Similarly, on a small annulus around each non-fixed singularity p;, there exists
a gauge transformation which identifies n with nP* + nPi, where NP and all its

derivatives are of order r? with respect to gf}.

With this we estimate the difference between the Kihler forms of ¢ and ¢%.
Using the estimates from Lemmas and Lemma their difference is given by
edz; AO(r3) + O(er?) da; A dxy. Because r~'dz; and its derivatives are bounded
in g2y,

HV]“(wGH — w?) (’)(er;-l)

g =

for all £ > 0. Similarly, one can estimate ||V*(w%H — wPi)

|gf} = O(er?) near a non-

fixed singularity p;. This enables us to apply the radial integration from Lemma
3.11) again to find:

Lemma 3.19. On a small annulus around the non-fized singularity p;, there exists

a smooth triple of 1-forms, which we denote by oP*“H  such that
WO = wPi 4 d oPCGH,
The 1-forms oPH and all its derivatives are of order O(ET?) with respect to gf}.

On a small annulus around the fized point singularity q;, there exists a smooth

triple of 1-forms, which we denote by 0% %" such that

WO = % 4 4 g% GH

The 1-forms 0% %" and all its derivatives are of order O(er}l) with respect to gg}.
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Next we compare the Atiyah-Hitchin metric to the Taub-NUT metric with negative
mass —4 explicitly. According to M. Atiyah & Hitchin (1988), the Atiyah-Hitchin
metric has a radial parameter r g and for large values of r4y the metric on the

branched double cover is

2 2\ "' .,
U (1 _ —) (@2 + Pigs) + (1 - —) ()2 + O (),

TAH TAH

Similar estimates are true for the Kahler forms. By identifying r; := 7 -7an,
J
where «; is defined in Lemma one can show

< A (ran) =g% (rj) + O( _Hm”j)
r =q% (r; e«
1+eajg AH) =G7ATy ’
2
€ AH q; —H—mjr-
w T =wY (r; Ole” < ).
1T ea, (ram) (r) +O( )

Here the error is estimated using ¢g%. Converting this into gg} and applying the

radial integration from Lemma [3.11] again, we conclude

Lemma 3.20. On the asymptotic region of the Atiyah-Hitchin manifold, there
exists a triple of 1-forms c%4H such that
2

€ v .
WA = % 4 4 g% A
1+ e

1+ea

A and all its derwvatives are O(r3e” "< 1) with respect to er-

and o%>

In a similar manner we can compare the Kéhler forms for the model metric near
p; with a rescaled version of a fixed Taub-NUT space. In this case, there is no

exponentially decaying error term and we get the result:

Lemma 3.21. By identifying r; := 7-rrn, where o; is defined in Lemma

2 2
€ €
TN TN

= g, and WP =
1+ eq; 1+ eq;

gpi

9

where g™ is the fized Taub-NUT space

g (1 i ) (A2 + ogse) +

QTTN
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With these ingredients we can finally construct a complete manifold and equip it
with a definite triple that is almost hyperkdhler. Near the fixed point singularities
we complete the bulk space using Atiyah-Hitchin manifolds. Near the non-fixed

11

points, we glue in Taub-NUT spaces'*. With this setup, we define the complete

4-dimensional manifold underlying our gravitational instantons.

Definition 3.22. Let n be the number of non-fixed points p; and m be the number
of fized point singularities q;, defined in Definition resp. . Let P/Zy be
the bulk space. Identify the asymptotic region of the Atiyah-Hitchin manifold and
the neighbourhoods of q; on P/Zy with the Zy quotient of the model space defined
in Definition [3.16. Similarly, identify the asymptotic region of the Taub-NUT
space and the neighbourhoods of p; on P/Zy with the the model space defined
i Definition . Consider the connected sum of P/7Zy with m copies of the
Atiyah-Hitchin manifold and n copies of the Taub-NUT space. We call this space

the global space and we denote it as Mp,y,.

In order to equip Mp, with a definite triple, let € € (0,1), Ry, Ry € (0, 00) be small.
Assume that the gluing in the connected sum construction happens on the region
U; Br, (pi)\Br, (pi) and U, Br,(¢;)\Br,(g;). For each point p; and g;, pick x.(z) be
a family of smooth step functions on B such that x.(z) = 0 when ||z — p;||,5, ||z —
¢jllys < Ro and xc(x) = 1 when ||z — p;|| 5, ||z — ¢;]|;5 > Ry. We pick the following

triple on the connected sum:

( e if e = pillgs < Ro
W if lz = gjllgs < Ro
w= wPi +d (Xeap“GH) if Ro< |lo—pill;sg < Ri
wl +d [(1 = x)o% M 4 0% if Ry < |z—gjll;g <Ry

\ w&H otherwise.

We need to find y., Ry and R; such that w; is hyperkihler outside r € [Ry, R1] and
behaves well enough inside. We will explain where our choices come from. Assume
that Ry = Cye” and R; = C1€” for some Cy, C > 0, kK € R. We need to balance the

following factors:

I Alternatively, one can complete the region near the non-fixed points in a similar way as the
Taub-NUT space is completed by adding some extra points. To unify the gluing procedure for the
Atiyah-Hitchin manifold and the Taub-NUT space we prefer to use the first method.
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GH

e For the approximations of o?*“# and 0% %" we need the radial distance to

the singularity to be small. This is satisfied when x > 0.

o At the same time we need that h. > 0 and so r; cannot be too small. This
is satisfied when Cy = 4 and x < 1, because Lemma implies h. > 0 if
4e™ > 4e.

AH

e For the approximation of %" we need r u to be large. Combining r; =

O(e") and ray = 1+:aj ri, it follows rag = O(e"1). This is large when £ < 1.

e Finally we need that Ry < R;. This happens when Cy < C}.

From Lemma and we have decay estimates for o?»CH  ¢%:GH and ¢%AH
It is sufficient if we assume 0P o%CH = O(er?) and o9 = O(e*r; ). When
we pick

Ry = 4¢3 and R, = 5es

all the above requirements are satisfied. By estimating y., one notices that d y. =

O(1) and may conclude.

Theorem 3.23. There exists an €; > 0 such that for all 0 < € < €;:
1. w; is a closed 2-form in Mp,,.

2. Outside the gluing region (i.e. r; € [4€5,5€¢5] or r; € [4€5,5€5]), w; is an
hyperkdhler triple.

3. Inside the gluing region near the fized point q;, Wi —wP

. and all its derivatives

are of order (’)(637"]-_1) + (’)(er;’) w.r.1. gg}. In particular, inside this gluing

region w; is a definite triple of closed 2-forms such that
1 aj
§wi A Wy = (Id +O(67/5))ij @ Vol9 " .

4. Inside the gluing region near the non-fized point p;, w; — wi* and all its
derivatives are of order O(ET?) w.r.t. gf}. In particular, inside this gluing

region w; s a definite triple of closed 2-forms such that

1 p;
Swi Aw; = (Id +O(7?)),, @ Vol

29



W.A. (Andries) Salm 3. Almost hyperkédhler manifolds

3.5 Global properties of Mg,

Before we finish this chapter we study some global properties of our constructed
almost hyperkahler manifold and compare it to known results in literature. First we
will calculate the homology groups and give an explicit description of the intersec-
tion form. Secondly we study possible compactifications and compare our results
with the work of |Chen & Chen| (2019)), |(Chen & Viaclovsky, (2021) and Hein et al.
(2021). Finally we compare the number of parameters in our construction to the

dimension of the respective moduli spaces.

TN/\V\TN

Figure 4: The basespace of the multi- Taub-NUT space retracts to a line that connects
all singularities.

In order to study the topology of Mp ,, we first consider the topology of the multi-
Taub-NUT space and we revisit the work by Sen| (1997). Let pi,...,p, be an
ordered list of points on R? and consider the multi-Taub-NUT space which has p;
as its singularities. As depicted in Figure [d] one can consider paths ; that connect
p; with p;.1. By shrinking the base space, we retract the Taub-NUT space to a
fiber bundle over this set of lines. Over each open line ;, the circle bundle must be
trivial and by the Gibbons-Hawking metric, the circle radius of the fiber over each

point is \2/%6 From the construction of the harmonic function h., this circle radius

must be finite and is zero only at the endpoints of the line segments. Hence the
bundle over the line segment ~; is homotopic to a sphere and, as shown in Figure [5
these spheres only touch at the points p;. Therefore, the multi-Taub-NUT space is

homotopic to a chain of wedge sums of n — 1 spheres.

By perturbing the paths +; one can calculate the intersection matrix for the multi-
Taub-NUT space. Because the endpoints of line segments are fixed, intersection
can only happen at these points. According to Sen (1997), each sphere has self-

intersection -2 and only intersects its neighbours with a factor +1. Hence the inter-
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TNMTN

Figure 5: The multi- Taub-NUT space retracts to a wedge sum of 2-spheres.

section matrix is of the form

which is the negative Cartan matrix of a A,,_;-type Dynkin diagram.

In order to calculate the topology of Mp,,, we will use this retraction argument in
combination with the Mayer-Vietoris sequence repeatedly. Namely, we will use the
topology of Mgs ,, to calculate the topology of Mgz, g1 ,, which will be used to calcu-
late the topology of Mgy r2,. Using the explicit pictures like Figure [5, we calculate

their intersection matrices.

Proposition 3.24. When B = R? and there are no non-fized points p;, the space
Mg, retracts to RP* and its homology is

7 ifk=0
Hy(Mgsg) = Zo ifk=1

)

0 otherwise.

When there are non-fized points p;, the homology of Mgs ,, is given by

7 ifk=0
Hy(Mgsy) = Z"  if k=2

0 otherwise.
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Proof. First consider the case n # 0.

v D b2
(0,0

X '~:,'( )

ZyY s P

Figure 6: The underlying manifold Mgs,, can be seen as the union of the Atiyah-
Hichin manifold and the Multi- Taub-NUT space.

Let 6 > 0 be sufficiently small and rotate R? such that the plate X := (—4§,0) x R* C
B does not contain any of the non-fixed singularities +p;. As shown in Figure [6]
the base space B’ without the plate X has two connected components, which can
be identified using the antipodal map. Denote one of these connected components
as Y. The antipodal map sends X onto itself and therefore the bulk space P/Z, can
be written as

P/Zy = (Pl|x)/Zo U Ply.

From the gluing construction we identify Mgs,, with P|x/Zs U ]3\];, where P|x/Zs
is the connected sum of P|x/Z, with the Atiyah-Hitchin manifold and f’\h// is the
connected sum of Ply with n copies of Taub-NUT. The space P|x/Zs retracts to
its boundary at the origin, which, after the connected sum construction, will be
identified with the asymptotic region of the Atiyah-Hitchin manifold. Because the
Atiyah-Hitchin manifold retracts to RP?, P/|;//Z2, must also retract to RP?.

The space 1/D\|; can be studied in a similar manner as in Sen| (1997), and hence it is

homotopic to the wedge sum of n — 1 copies of S2. In order to apply the Mayer-

Vietoris sequence we need to calculate P|x/Zs N 15\|; Because the two connected
components {+4d} x R? of the boundary of X are identified by the antipodal map,
P|x/Zy N Ply is diffeomorphic to a circle bundle over R?. Therefore, we get the

following long exact sequence:
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o~ Hy(Mygs ) ~— Hp(RP?) @ Hy (/7! §?) <— Hy(S') ~— ...

0 <~—— Ho(Mgs,,) 060 0

L Hy(Mgs )
L Ho(Mgs )

We directly conclude Hy(Mgs,,) = Z and Hy(Mgs,) = 0 for £ > 2. In order to

calculate the remaining homology groups, we have to consider the map 9: H;(S?) —

Zo &0 9 7

0zt 0

H(RP?) in the long exact sequence. This map is the embedding of a fiber over a
point into the PWQ. As explained in Section , this fiber is homotopic to
the generator of H; inside the Atiyah-Hitchin manifold and so d(1) = [1]. Using
Hy(Mgs,,) = Zo/im(9) and Hy(Mgs,,) = Z" " @ ker(d) we conclude

7 ifk=0
Hy(Mgs,,) =2 ifk=2

0 otherwise.

When there are no non-fixed points, i.e. n=0, the manifold Mgs ,, retracts to P|x /Zs,
which is homotopic to RP2. O]

N <

Figure 7:  Similarly to how Figure[J depicts the 2-cycles inside the multi- Taub-NUT
space, this figure depicts the 2-cycles with self-intersection -2 inside P|x U P|y U Zs -
Ply. The grey planes depict the boundary between these regions. The dark-blue

spheres form a basis of Hy(Ply) with Ay as intersection matriz. The green sphere is
the extra 2-cycle in ker 0 C Ho(Mgs5). The light-blue spheres are the Zy images of
the other spheres. The dark blue and green spheres form a basis of Hy(Mpgs 5) such
that its intersection matriz is the negative Cartan matriz of Ds.

Sen (1997) argued that the intersection matrix for Mgs , is the negative Cartan ma-

trix for a D,, Dynkin diagram. His argument is as follows: As shown in Proposition
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m, Hy(Mpgs ;) is the direct sum of second homology group of the multi-Taub-NUT
space with n singularities with an extra copy of Z. As explained at the beginning
of this section, the multi-Taub-NUT space has a basis of 2-cycles such that the in-
tersection matrix is given by the negative Cartan matrix of A, ;. Again we can
visualise this by retracting Y to a set of line segments between the points pq, ..., p,
and considering the fiber bundle over these lines. In Figure[7] the fiber bundle over

these line segments is depicted by dark blue spheres.

According to Proposition [3.24] there is one extra 2-cycle. From the Mayer-Vietoris

—_—

sequence this 2-cycle must intersect the boundary between P|x/Zy and Ply by two
generators of H;(S'). According to |Sen| (1997)), we can find this extra 2-cycle by
picking a path between py and Zs - p; and considering the fiber bundle over this path.
Using the same argument as before, this must be a 2-sphere with self intersection
—2. In figure [7] this extra cycle is shown as the green sphere, and indeed this
sphere intersects the boundary exactly twice. Because this extra 2-cycle intersects
the sphere between p; and py twice, but with opposite orientation, the intersection

matrix is of the form

-2 1
1 -2 1
1 -2 1
1 -2 1 1
1 =2
1 -2

This is the negative Cartan matrix of type D,,. This argument only works for n > 4.

In Table [1] we calculate the intersection matrices for n < 4.

For the cases 2 < n < 4, the intersection matrix for Mpgs , is also given by the neg-
ative Cartan matrix of a D,,-Dynkin diagram. The case Mgs; does not fit into this
framework. To find its self-intersection one notices that the generator for Mgs ; is
equivalent to the sum of the generators in Mpgs 5 in Table . Because the intersection

matrix for Mpgs 5 is diagonal, the self-intersections add up.
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n H 2-cycles Intersection matrix ‘ Diagram ‘ Type ‘
-2 1
417”.%“ 1 -2 1 1
ll (RN 4 (R D
1 -2
™, ™ _2 1 1
3 L é"’ 1 -2 0 A,
— 1 0 -2 I—~
- -2 0
2 n( ) 0 _2 [ ) A1+A1
1 (—4) N/A N/A.

Table 1: Intersection matrices for Mgs , with n < 4.

Proposition 3.25. When B = R? x St and there are no non-fized points p;, the

homology groups of Mg2y g1 are

Z if k € {0,2}
Hy(Mg2ys10) = { Zs ifk=1

0 otherwise.

When there are non-fized points p;, the homology of Mgzys1,, is given by

Y/ ifk=0
Hy(Mp2ygin) = Q 2" if k=2
0 otherwise,

and the intersection matrix is given by the negative Cartan matriz of the extended

Dynkin diagram of type D,,.

Proof. Let § > 0 be sufficiently small. Consider X := (R* x (—§,0))N B’ C R? x S*

and perturb X such that it doesn’t contain any of the non-fixed singularities +p;.

Denote Y as the complement of X inside B’. By construction both are Z, invariant
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under the antipodal map, and hence the bulk space P/Z, can be written as

P/Zsy = Plx /73U Ply | Zs.

From the gluing construction we identify Mg2yg1,, = P|x/Zy U Ply/Zy, where

P|x/Zy and P|y/Zsy are completions of P|x/Zs and P|y/Zs respectively using

Atiyah-Hitchin manifolds and Taub-NUT spaces. Using a similar construction as in

Proposition [3.24] we identify the topology of P|x/Zs and P|y /Zs with the topology
of Mgso and Mgs, respectively. The intersection P|x/Zs N Ply/Zs must be an
Sl-bundle over a plane, which retracts to a circle. With this information we fill in

the Mayer-Vietoris sequence:

o~ H (Mo g1 ) < Hy(Mgs o) @ Hy(Mgs,,) ~— Hj(SY) ~— ...

0~—— Hy(Mg2y51.,,) 030 0

L Hl (MR2><Sl,n)

Lo ® 6o 2 7 )
L[7[2(M]R2X517n) 0z 0 0
Here, we used §,,Z; as a shorthand for Hy(Mgs,) = The Mayer-
0 ifn#0.
Vietoris sequence implies
(
Z itk=0
LoDouln ifk=1
Hy(Mgexsin) =4 ™

7" Dkero ifk=2

\ 0 otherwise.

In order to give Hy(Mg2, 51 ,,) explicitly, we need to study the map 0: Z — Zo®6,Zs.

Just as in Proposition [3.24} J(1) embeds a circle fiber over a point into P|y/Z, and

Ply/Zy. As discussed before, this circle fiber maps to the generator of the RP? in
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the Atiyah-Hitchin manifold. We conclude that

([1],[1]) ifn=0

(1) =
1] if n #0,
and therefore )
7 iftk=0
only k=1
Hk(MR2><Sl,n) =
7 if k=2
\0 otherwise.

Using Sen’s method, one can construct the generators of Hy(Mpgz2y1,) and calculate
their intersection matrix. In table [2 these generators are explicitly given and their
intersection matrix correspond to the negative Cartan matrix related to the extended

Dynkin diagram of type D,,. [l

Remark 3.26. There is an alternative way to visualise the extra 2-cycle inside
Mgz 51, Indeed, consider the loop {£z} x S' C R? x S! for some || >> 1. In the
Zs quotient this maps to a single loop and hence the fiber bundle over this loop will
be a 2-torus inside Mgz, g1,,. This loop intersects/t\hg boundary X/ZsNY /7, exactly

twice and hence the torus intersects P|x/Zo N Ply/Zs at two copies of S1. One can

check that these two copies of S* have the same orientation and hence they lie in the
kernel of O Hl(Sl) — H1 (MR3’0) D HI(MRS,n)' Because H2(MR2><S17H) =7" NP ker 8,
this torus can be viewed as one of the generators of Hy. By varying |z| one sees that

this torus has no self-intersection and in this new basis the intersection matrix is

(73]
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n H 2-cycles Intersection matrix ‘ Diagram ‘ Type ‘
N -2 1
S 1 -2 1 1 1
4 N\ mm : 1 _2 D4
N N 1 _2
1 -2
w o -2 1 1 0
A% e 1 -2 0 1 .
3 Ve 10 -2 1 A
o 1 1 =2
" 2 0 0 .
2 ™ .ﬂ‘ , 0o -2 2 A+ A,
’ 0 2 -2 < >
."mf."
=5 —4 4

Table 2: Intersection matrices for Mgz gt .

These generators are constructed by

restricting the fiber bundle over paths between the non-fixed points p; inside the uni-
versal cover of B =R?x S'. The dark blue spheres are the generators of Hy(Mpn )
giwen in Table[ll The green spheres is the extra 2-cycle that are induced by the kernel

Of 0: Hl(Sl) — HI(MRS,O) @D H1<MR3,7L>-

The light blue spheres are the images of

the dark blue and green spheres under the antipodal map and the action of Z. The
gray planes depict the boundary of the fundamental domain of R? x St inside its
universal cover.
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Proposition 3.27. When B = R x T? and there are no non-fized points p;, the

homology groups of Mgyr2 are

Z ifk=0
Hy(Mgyr29) =
73 ifk=2
\0 otherwise.

When there are non-fived points p;, the homology of Mgyr2,, s given by

7 ifk=0
Hy(Mgyr2p) = S 23 if k=2

0 otherwise.

Proof. Let § > 0 be sufficiently small. Consider X := (Rx S'x(—6,8))NB’ C RxT?
and perturb X such that it doesn’t contain any of the non-fixed singularities +p;.
Denote Y as the complement of X inside B’. By construction both are Z, invariant

under the antipodal map and hence the bulk space P/Z, can be written as

P/Zy = P|x /73U Ply|Zs.

P e

From the gluing construction we identify Mgyr2, = P|x/Zy U Ply/Z,, where

P|x/Zs and Pl|y/Zy are completions of P|x/Zs and Pl|y/Zy respectively using

Atiyah-Hitchin manifolds and Taub-NUT spaces. Using a similar construction as in

Proposition [3.25, we identify the topology of P|x/Zs and P|y/Zs with the topol-
ogy of Mgay g1 o and Mgay g1, respectively. The intersection P|y/Zy N Ply /Zy must
be an S'-bundle over R x S' x {§}, which is homotopic to T?. This gives us the

following long exact sequence:
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oS f{k(MRXTQ,n> -~ ﬁk(MR2><Sl,O) ¥ ]:[k(MR2><Sl,n) -~ ]:]k‘<T2) -~ ...

0~—— Ho(Mgy12,,) 030 0

L Hy(Mgyre.n) Ty & 8,7 o 72

L Hy(Mygyre,n) 7@ 7! % z

Llrnrsuww,n) 080 0

We conclude

)
)
)

"

Z iftk=0

T if k=1
Hy(Mgyxr2,) = < ker 0y @ % iftk=2

ker O ifk=3

0 otherwise.

.
In order to give Hy(Mgyr2,,) explicitly, we need to study the map 0;: H;(T?) —
H;(Mgz2ys10) ® Hi(Mg2ys1,,). The generator of Hy(T?) can be viewed as one of the
tori at infinity, and hence by Remark [3.26] the map 05 is injective. Therefore,

(

Z itk=0

LoDonly if k=1
Hy(Mgyr2,) = me
keroy @ Z" if k=2

0 otherwise.

\

Secondly, recall that 72 was the S*-bundle over R x S* x {6} and so H,(T?) is gener-
ated by a fiber over a point and the non-trivial circle in the base space. Similarly, as
in Propositions and Propositions [3.25] the map d; maps the fiber over a point
to the generator of Zs inside the Atiyah-Hitchin manifold. The circle in the base

space maps to a contractible loop inside the Atiyah-Hitchin manifold and hence

o) = 4 LI =0 oy () =0
1] if n # 0,
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This concludes

7 ifk=0

only ifk=1
Hk(MRxT2,n) =

73 it k=2

0 otherwise.

]

Remark 3.28. Similarly, as in Remark[3.26] we can identify the tori at infinity. In this
case, there are two tori on the circle bundle at infinity and both can be visualised as
the circle bundle over the 1-cycles on the asymptotic bases pace. Indeed, we already
found one of these tori, which can be viewed as one of the generators of Z"™!. By
studying ker @y in a similar manner as in Remark [3.26] we can conclude that the

other torus must be a generator or ker 9; ~ Z?2.

The moduli space

We compare Mp, with the known classifications of gravitational instantons. All
gravitational instantons are classified by |Sun & Zhang| (2021)) by comparing them to
model metrics at infinity. The list of all possible model metrics is given in Section
6.4 in their paper. For the case B = R3, recall from Lemma that the metric on P

approximates the Gibbons-Hawking metric on R?\ {0} with the harmonic function

2n—4
2r

turbing the metric, we still expect that Mgs,, approximates the same model metric

= const + After completing P/Zs using the gluing construction and per-
at infinity. Therefore, the space Mpgs,, is an example of an ALF-D,, gravitational
instanton'?. The name ALF-Dj, is not arbitrary: According to Chen & Chenl (2019)
Remark 6.3, gravitational instantons of type ALF-D,, have an intersection matrix is
related to the D,, Dynkin diagram. This is exactly what Sen| (1997) found.

Chen & Chen| (2021a)) found a Torelli theorem for ALF-type gravitational instan-
tons: Up to triholomorphic isometries all ALF-type gravitational instantons can be
uniquely classified by their model at infinity and their periods. For ALF spaces the
model at infinity is fully determined by the degree of the circle bundle at infinity
and the length of its fiber at infinity. These parameters correspond to the number
of non-fixed singularities p; and € respectively. To calculate the period we have to

integrate the hyperkéhler triple over a basis of Hy(Mpgs,) where each element has

12 According to Definition 6.8 in |Sun & Zhang] (2021).
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self-intersection —2. There are 3 Kéhler triples and the dimension of Hy(Mgs ) is
n. Hence, the moduli space of ALF metrics with a fixed model space is 3n. This

number corresponds with the n possible positions of the nuts in R3.
When B = R? x S, the asymptotic metric of (P/Z, g“*) is given by

G _ €(8 —2n)logr - (grz/z, + 9s1) + Famyiegr e 110 < <4
gr2/z, + gs1 + €(dt + bd 2)? if n =4.

(9)

For the case n < 4, gravitational instantons with these asymptotics are called!?
ALG*-I;_,. For the case n = 4, it is called' ALG%, because ¢g“# approximates the

metric of a flat torus bundle over the 2-dimensional cone with angle % - 2m.

In order to explain the name, we have to deviate to the study of rational elliptic
surfaces: According to |Chen & Viaclovsky| (2021) Theorem 1.5 and |Chen & Chen
(2021b)) Theorem 1.2 gravitational instantons of type ALG*/ALG can be compact-
ified to a rational elliptic surface by adding a singular Kodaira fiber. In order to
find the type of fiber, we first need to understand the elliptic fibration of P/Z, at
infinity. For this we equip the plane R? inside B = R? x S! with the standard
complex structure and on the asymptotic region of P/Zs; we consider the following

composition of maps
P/Zy — (R? x SY)/Zy = (C x SY)/Zy — C/Zs.

This composition map gives P/Zy the structure of a torus fibration at infinity.
Indeed, using the coordinates {r,¢,z,t} on P from Equation [, one can check
that this projection map is holomorphic with respect to the complex structure
w, = edz An+ he *2 dz. The complex structure I, corresponding to w, has the
property I, dz = —, which implies the bi-holomophicity of the transition func-

tions.

Knowing that P/Zs has an elliptic fibration, we can find the singular Kodaira fiber
by calculating the monodromy at infinity. For this we use the coordinates from

Equation [8| and we consider the path v, 4,20t (S) = (70, ¢0 + 8, 20, to + ¢ 20 5), which

13¢.g. Definition 6.12 in [Sun & Zhang (2021).
4e.g. Definition 6.11 in [Sun & Zhang (2021)).

72



3.5. Global properties of Mp, W.A. (Andries) Salm

is horizontal with respect to the asymptotic connection!® 1., = dt — czd ¢ + bd z.

In these coordinates, the Z, action on P is given by
ZQ : (Ta (b’ Z7t) = (Ta (b +m, =2, _t)
and SO Vpy 60.20.t0 () 18 equivalent to

Vrostorzoto (M) = (To, Po + T, 20, to + ¢ 29 ™) ~ (70, ¢, —20, —to — € 20 T).

Hence the generator [1;] € H;(T?), that is generated by the path along the circle
fiber, maps to —[1;] under the monodromy along ~. Similarly, the other generator

[1.] € Hy(T?) maps to —[1.] — £[1,]. When B = R? x S', the first Chern class ¢

equals 8 — 2n, and hence the monodromy at infinity is given by

()

Under the Kodaira classification Mp2ys1, can be compactified by an I; , fiber,

which explains the name.

In |Chen & Viaclovsky| (2021]), there is a Torelli Theorem for ALG* gravitational
instantons: Up to triholomorphic isometries all ALG*-type gravitational instantons
can be uniquely identified by their model at infinity and their periods. The model
at infinity is determined by the lattice and a global scale. Up to rotation, a one-
dimensional lattice is only determined by the length of its generator and so the

model at infinity is determined by two parameters.

In their paper they argue that the period map overcounts the moduli space. One
way to see this is by integrating the Kéhler forms over the torus at infinity. Here the
Kahler forms are fixed by the model at infinity and so these integrals can only reveal
information of this model. Therefore, they claim that the dimension of the moduli
space of ALG* gravitational instantons with fixed model at infinity is 3(f8s — 1).
Using Proposition we see that the dimension is 3n. Again this corresponds to

the n possible positions of the non-fixed singularities in R? x S*.

Chen & Viaclovsky (2021) also found a Torelli theorem for ALG-type gravitational

15This connection is given in Proposition
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instantons. As seen in Equation [9] the model metric is determined by three param-
eters, the length of the circle in the base space (i.e. gg1), the size of the circle fiber
(i.e. €) and the choice of model connection (i.e. b). With these choices fixed, they
argue that the dimension of the moduli space is 3(82 — 1) = 12. Again we expect

this as we have 12 degrees of freedom in choosing the location of the nuts.

Finally we consider the B = R x T? case. In this situation, the asymptotic metric
of (P/Zy,g%M) is given by

€(16 —2n)r - (gp+ + g712) + =5—~—n2 f0<n<8

GH (16—2n)r

g ~J

gr+ + g2 + 2(dt +ady + bd 2)? if n=28.
For the case n < 8, gravitational instantons with these asymptotics are called!®
ALH*g_,,. For the case n = 8, it is called'” ALH, because ¢“" approximates the

product metric of RT and a flat 3-dimensional torus.

Similarly to the ALG*/ALG case, gravitational instantons with ALH*/ALH ends
can be compactified to rational elliptic surfaces by adding a (singular) Kodaira fiber.
According to |Chen & Chen! (2021b]) Theorem 1.2, ALH gravitational instantons can
be compacified by the smooth I fiber, and according to [T. C. Collins et al.| (2020)
Theorem 1.4, ALH*; manifolds can be compactified by the non-regular I fiber. In
Remark 6.21, Sun & Zhang (2021)) showed that & must be between 1 and 9. By
calculating the monodromy at infinity one can determine the type of fiber. The
method is very similar to the one for the ALG*/ALG case and was explicitly done
in Section 2.2 of Hein et al.| (2022)). The monodromy for this case is

1 8—n
0o 1 /)
Hence one can compactify Mgy 72, by adding an Iz, fiber.

T. Collins et al| (2022) and |Lee & Lin| (2022)) determined the Torelli theorem for
ALH* gravitational instantons. Up to triholomorphic isometries, all ALH*-type
gravitational instantons can be uniquely identified by their model at infinity and

the periods. The model at infinity is determined by the lattice and a global scale.

16¢.g. Definition 6.16 in [Sun & Zhang (2021).
17¢.g. Definition 6.15 in [Sun & Zhang (2021)).
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Up to rotation a 2-dimensional lattice is only determined the length its generators
and their angle. With 3n degrees of freedom in choosing the location of the non-
fixed singularities, we expect the total dimension of the moduli space to be 3n + 7.
In a recent survey paper by [T. C. Collins & Lin| (2022), the dimension of the mod-

uli space of Tian-Yau metrics was calculated and it agrees with our dimension count.

As explained in Chapter[2] there are two known constructions for ALH* gravitational
instantons, due to [Hein (2010) and [Tian & Yau (1990). By [T. C. Collins et al.
(2020), there are ALH* gravitational instantons that are not generated by Hein’s
construction, but according to |Hein et al.| (2021) any ALH* gravitational instanton
arises from the generalized Tian-Yau construction on some weak del Pezzo surface
minus a smooth anticanonical divisor. Up to diffeomorphism!® there are 10 different
(weak) del Pezzo surfaces: CP?, the blow-up of CP? at up to 8 points and S? x S2.
The degree of the anti-canonical divisor is 9 — & for Bl;, CP? and 8 for S? x S%. Given
this degree, one can compare the construction by Tian-Yau and Hein: According
to [T. C. Collins et al.| (2021)), a del Pezzo surface without a smooth anticanonical
divisor D with D? = d can be compactified to a rational elliptic surface by adding
an I fiber after performing a hyperkihler rotation. As the monodromy never allows

us to glue in an [y fiber we conclude

Proposition 3.29. For 0 < n < 8, the space Mpyr2,, is not diffeomorphic to the

complement of a smooth anticanonical divisor of CP?

When 1 < n < 8, the monodromy of Mgr2,, suggests one can compactify it to a
rational elliptic surface by adding an Ig_,, fiber. For the degrees one to seven, the

del Pezzo surfaces are unique and so we have:

Proposition 3.30. For 1 < n < 8, the space Myyr2,, is diffeomorphic to the
complement of a smooth anticanonical divisor of the blowup of CP? at 8 — n

points.

Up to diffeomorphism, there are two del Pezzo surfaces of degree 8, namely S? x S?
and Bl; CP?. We claim that Bl; CP? cannot be used to construct Mgy 72 .

18There are actually 11 different weak del Pezzo surfaces(Hidaka & Watanabe| (1981), Theorem
3.4), but CP! x CP! and the second Hirzebruch surface are diffeomorphic.
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Proposition 3.31. The space Mgyr2 is not diffeomorphic to the complement

of a smooth anticanonical divisor of the blowup of CP? at one point.

Proof. Suppose it does arise from the Tian-Yau construction. Then Mgy 2 can be
compactified by gluing the disk bundle D at infinity. The boundary 0D is an S*-
bundle over T2 of degree 8. These identifications yields the following Mayer-Vietoris

sequence:

.. ~— (Bl CP?) ~— Hy(D) ® Hy(Mgyr20) ~— Hp(0D) ~— ...

0 0 000 0

)

C 0 7% ® Zs 2 ZQ@ZB<—@
< 72 2l 7, 3 d 2
Y/ 7

. )
0 060 7

)

< 7 0d0 0 0

Our goal is to show that the short exact sequence

B

0 — ker 8 —= Hy(Bl; CP?)

im 3 0

cannot exist. First we study im 3 = kera. From the Gysin sequence it follows
that the free part of H;(0D) is generated by the homology of the base space of D.

Therefore the map « is of the form
7P ®Ls—+7> DLy
(1,0,0) ——(1,0,...)
(0,1,0)——(0,1,...)
Because o must be surjective,
72 & Zs —>7°> P Zs
(0,0,1) —— (0,0, 1)
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and hence the kernel of & must be isomorphic to Z,. We conclude

0 ——ker 3 —— Hy(Bl, CP?) —~ 7, — 0.

Secondly, we study ker3 = im~. By the first isomorphism theorem, im~vy =
HQ(D)Q?;(;JRXT2’°) According to Remark [3.28] we have Hy(Mgxr2,) ~ Z"t @
H,(0D) by identifying the tori at infinity with the generators of Hy(0D). Hence, §
is the inclusion map and ker 3 = im~y = Hy(D) ® Z = Z°.

We explicitly give the generators of ker 5: The first generator is the smooth anti-
canonical divisor of Bl; CP? to which D retracts. We denote this divisor as K~'.
The other generator is the generator of Hy(Mgy720) that cannot be represented as
a torus at infinity. We denote this 2-cycle as C. Both K~! and C can be identified

as 2-cycles on the interior of their domain, and hence K~ - C = 0. In summary,

(ker ) (im 3)
0——(K~',C) —— Hy(Bl,CP?) —2 -7, 0.

Finally, we study Ho(Bl; CP?). The space Hy(Bl; CP?) has two generators. One
is the generator of Hy(CP?), which we denote by H. The other is the exceptional

divisor F from the blowup. They intersect as follows:
H-H=1 H-E=0 E-FE=-1.

In terms of H and E, the anti-canonical divisor K ! is given by K~! = 3H — E.
As a sanity check, one can verify that this is the only 2-cycle up to orientation such

that K? = 8. From the map /3 we get the following short exact sequence:

(ker 3) (Hy(Bl, CP?)) (im B)

0—— (K~,0) ?

(H, E)

Ly 0

We claim there is no C' € ker f which makes this sequence exact. Indeed, suppose
C = aH + BE for some «, 8 € Z. Because K~ and C do not intersect,

K1t C=0BH-E) (aH+BE)=3a+ =0

7



W.A. (Andries) Salm 3. Almost hyperkédhler manifolds

and hence C' = «o(H — 3E). At the same time, F can be written as a Z-linear
combination of H and K~'. Therefore, Ho(Bl; CP?) is generated by H and K !
and

C=a(H—-3E)=a(H—-303H—-K"')=—-8aH+3K "

(HK~1)
(C,K~T)

this equal to Zj,. O

We conclude im § = ~ Zs. There is no integer value for o which makes

Alternatively, one can calculate the fundamental group of the complement of a
smooth anti-canonical divisor of the blowup of CP? at one point using the van
Kampen theorem. This way one can show that this complement is simply connected

and hence differs from Mg, 72 .
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4 Fredholm theory for ALX gravitational instantons

In this chapter we will study the Laplacian on the asymptotic geometry of P/Z,.
A standard tool used in the literature is the use of weighted spaces. For example,
Bartnik| (1986) considers the norm

k
I iy = 2175 7 e
j=0

on R"\ K for all § € R, k € Z>, and some large compact set K. By introducing
r~9=% one forces a certain polynomial decay rate at infinity. Because the harmonic
functions on R™ are polynomials for n > 3, one can dictate the dimension of the

(co)-kernel by choosing . When ¢ lies in the range (2 —n,0), A is bijective.

Instead of using weighted norms and a fixed operator, one can consider the weighted
operator L; := r? 9APul(y® ) on the fixed Banach space induced by the metric
Jef = 7 2gpua. It turns out that these methods are equivalent. Indeed, because
dlogr and V9 dlogr are uniformly bounded in g, there exist some constants c, C' >
0 such that for any u € W;*(R™ \ K),

cllully22 @y < ||T_6uHWC2J;2(R\K) < Cllully22 @ -

Moreover, the operator L; is strictly elliptic with respect to g.; and so for any pair
of bounded open balls U CC U’ not containing the origin, the Schauder estimate
by [Evans| (1998)

lllyzeqy < € [||r2—5A(r5u)||W3f(U/) + ||u||L2<U/)} (10)

turns into

22y < € [1Aullyze o + lullzzen |-

4.1 Bounded geometry

In order to extend equation to an estimate on the asymptotic space, we need
to understand on which parameters C' depends. For example, for R™ the constant
C only depends on the ellipticity of the operator and on the relative size of the
domains. In the above example this is also true: The conformally rescaled metric

gey = (dlogr)? 4 ggn-1 is a cylindrical metric and we can move any fixed domain by
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translation. By patching multiple local elliptic estimates we can establish a global

elliptic estimate®® like

”uHWff(R"\K) <C ||r275A(T5u>‘|WfJ;2(R”\K) + [lull 2@ )

In general, we study the behaviour of the constant C' by comparing the metric g.¢
with the flat metric. Namely, when using local coordinates, the dependence of C' can
be found in the standard references on elliptic PDE’s (e.g. |[Evans| (1998) or |Gilbarg
& Trudinger| (2001))). We only need to show that the Holder and Sobolev norms

induced by these local coordinates are equivalent to the ones induced by g.s.

Definition 4.1. Let (M, g) be a Riemannian manifold, let U C M, k,p € N and
a € (0,1). The Sobolev space ng’p(U) 15 the space of all compactly supported

functions on U completed under the norm

k
el oy = DIl
=0

The space C’;“’O‘(U) is the space of all k times differentiable functions satisfying

k
: [VFu(z) = VFu(y)lly
[w]| ke =Y sup || VVu(z)||, + < 00
Cg () jZO zeU g a:,yZEU d(ZL’, y)oz
d(z,y)<InjRad,(g)

where d(z,y) is the geodesic distance between x and y and V*u(y) is compared to

V*u(z) using parallel transport.

Remark 4.2. Notice that for the Euclidean metric, this definition coincides with the

standard definitions for Sobolev and Hélder spaces.

Proposition 4.3. Let (M, g) be a Riemannian manifold and {x;} local coordi-
nates such that the coordinate metric § and g induce equivalent norms. If the first
k covariant derivatives of the connection form are bounded, then the WP and

C*® norms that are induced by g are equivalent to the ones induced by 6.

19This estimate can also be retrieved from the works of [Lockhart & McOwen| (1985) and of
Melrose & Mendoza (1983])
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Proof. Write V = d 4+ I" where I' is the connection form. Because I' and its deriva-
tives are bounded, |[V7ull, < C'37,_; |d'ul|s for all j = 0,...,k. By the same

argument, the converse is also true. This shows the Sobolev norms are equivalent.

In order to compare the Holder seminorms, we need to consider the variation of
a tensor field along geodesics. That is, let PY be the parallel transport along the

geodesic between y and x and V = V! 9; be a tensor field. Because

|V (x)0; — PYV!(y)0i |l < CIIVI(w)af —V(y)orlls
d(z,y)* - d(z,y)*

10r — P20l
d(z,y)*

+Viwl-

N . . _p¥
the Holder norms are equivalent if W

~v:[0,d(x,y)] — U be the geodesic between x and y parametrized by arclength and

is uniformly bounded. To show this, let

denote P,;y((g; Jr in the local coordinates as (P;/((g)) 0r)’9;. By the parallel transport

equation and the fundamental theorem of calculus,
0
0 ( J
- PW(S)81> 8st
/d (25) ds \" 10
d(z,y)
= / V,y(s)aj ds
0
g

d(z,y)
=1L Isenr] as

10 — PLor|q

g

g

The connection form is given by the covariant derivative of 9, and therefore, ||0; —
Por|ly < ClTlcow) - d(w,y) for some constant C' > 0. O

Our first guess is to apply Proposition [.3] using Riemann normal coordinates, be-

cause in these coordinates we have the Taylor expansion
1
Gij = 62']' — gRZ‘kﬂIkIl + O(|l’|3)

However, as explained by [DeTurck & Kazdan (1981), normal coordinates are not
the best coordinates for this purpose, but harmonic coordinates are. Harmonic
coordinates are defined by the property Az; = 0 and are useful because in harmonic

coordinates the Ricci curvature can be viewed as an elliptic operator acting on the
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metric, i.e.

1 329..
Ric;; = ——g"—2L 4 .
1Cij 29 &Uk(%cl

In the following theorem we show the existence of harmonic coordinates and give a

size estimate of the coordinate patches.

Theorem 4.4 (Theorem 1.2 in Hebey| (1999)). Let k € N, a € (0,1) and Q > 1.
Let (M, g) be a Riemannian manifold whose injectivity radius is bounded below by

some constant i > 0 and suppose there exists a constant C > 0 such that
IV? Ric [logary < C

for all j = 0,...,k. There exists a constant rg > 0 such that for any p € M,
there are harmonic coordinates {x;} on B.(p) that satisfy Q '6,, < g < Q O,

as bilinear forms, and

10Wg(y) — 0¥ g(2)]

>y osup [09g(y)] + ke sup " <Q-1
1<j<k y€Br(p) yvzgi”;(p) Y

Remark 4.5. Recall that the injectivity radius estimates the largest ball on which the
Riemann normal coordinates are defined. Similarly, the constant 7z in Theorem
estimates the largest ball on which the harmonic coordinates are defined and have
C* control on the metric. Therefore, the constant ry is referred as the harmonic

radius in literature.

Theorem is the key theorem we use to find elliptic estimates on our Riemannian
manifold. We already have seen we can get elliptic estimates on our Riemannian
manifold by considering elliptic estimates inside a coordinate chart and converting
the Euclidean norms to the Riemannian norms. Theorem (4.4 assures us the existence
of sufficiently large coordinate charts which fulfils all the prerequisites of Proposition
.3l Moreover, it gives us explicit bounds of the metric in terms of the injectivity
radius and (the derivatives of) the Ricci curvature. This implies that the constants
in the elliptic estimates will also be bounded by these quantities. Therefore, if we can
bound the injectivity radius and (the derivatives of) the Ricci curvature uniformly
in z € M and in the collapsing parameter €, our estimates will be uniform in z and

€.
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To set up the analysis on the asymptotic region of P, we define the following nota-

tion:

Definition 4.6. Let w: P — B’ be the principal circle bundle on the Gibbons-

Hawking space and fiz a large Ry > 0. We define the asymptotic part of B’ as
[Ro,00) x X C B’, where X is S% or T? when B = R? or B # R? respectively. We
denote the asymptotic part of P as

Py, := Py(Ry) :=n"([Rp, 0) x ¥).

Definition 4.7. Let g% = h.gg+e2h_'n? be the Gibbons-Hawking metric. Define

1

h: fB=RxT?
Q — 1
r~'he * otherwise,

where v is the Euclidean distance on R3, R? or R when B =R3, B=R? x S! or
B =R x T? respectively. We define the conformally rescaled metric g.; as

gcf — QQ . gGH‘

The difference between the case B = R x T? and the rest is due to the fact that the
harmonic functions on R x T2 have exponential rather than polynomial growth or
decay. The conformal rescaling of hZ! in €2 is convenient, because for S* invariant
functions the analysis reduces to the standard analysis on R™. This is due to the
fact that h A“H = AP for S' invariant functions. In order to apply Theorem [4.4]
we need to calculate the Ricci tensor for our metric. The metric ¢“¥ is hyperkihler
and hence it is Ricci flat. However, we consider the conformally rescaled metric g.y,

which is not hyperkéhler.

Lemma 4.8. Consider the Gibbons-Hawking manifold P with the metric g.s.
The Ricct curvature tensor and its first k covariant derivatives are given in terms
of dlog$) and its k + 1 covariant derivatives. In particular, on P, these are
uniformly bounded for e € (0,1).

83



W.A. (Andries) Salm 4. Fredholm theory for ALX gravitational instantons

Proof. According to Theorem 1.159 in Besse| (1987), the Ricci curvature of g s is
given by

Ric(ges) = Ric(g“") —2(Hess(log Q) +dlog Q@ dlog Q) — (A, log 2 —2| d log Q%9

where the Hessian is calculated with respect to g.r. Because the Gibbons-Hawking
metric is Ricci-flat, V¥ Ric(g.r) is bounded by dlogQ and its first k + 1 derivatives.

In order to estimate (the derivatives of) dlog (2 at infinity, we need to calculate the
derivatives of dlogh, (and dlogr when B # R x T?). To calculate V/ dlogr, we

first calculate the covariant derivative using the co-frames

{dlogr, d6, sinfd¢, -n} if B =R?,
{dlogr, d6, r~'de¢, -n} if B=R*xS'
{dr, de, do, hien} if B=RxT>

For uniformity, we denote p = logr when B # R x T? and p = r otherwise.
According to the Koszul formula, the connection form is given in term of the the

exterior derivatives and the non-zero terms are

1

d(sinfd ¢) :tan<0)d0/\sin(0)dqb if B=R?
dle”dp)=—dprerde if B=R?*x S!
d(ee™*h ') = — (dp +dlogho) A (ee™"h'n)
+ % (dlog he A eePh'n) if B4R xT?

d(eh'n) = — dlog he A (eh7'n) + %% (dlog he Aeh['n)  if B=R x T?

This implies that there are some constants C7, Cy > 0 such that

j—1

IV dplley < C1+ Co Y _ ||V dlog helles-

=0

In order to estimate dlogh, = hi d h,, recall from Lemma that h_' is bounded

below, and hence, by repeated use of the Leibniz rule, one can show

j
IV dlog heller < Cs Y IV dhclles

=0

for some constant C's > 0. Moreover, Lemma [3.4] shows that h. is exponentially
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close to
1+eBe” if B=R3

1+ €B8p otherwise

for some 8 > 0. Hence V* dlog h. is bounded by the first k derivatives of d p, which
are bounded by the first £ — 1 derivatives of dlog h.. By induction, V¥ d log h. must
be uniformly bounded. O

Before we continue our study in the bounded geometry of P.,, we first consider the

weighted operator and study its analytic properties:

Definition 4.9. Let Q be as described in Definition[4.7 Consider

r if B=R x T?
p =
logr otherwise,

where r is the Buclidean distance on R3, R? or R when B =R?, B=R? x S! or
B =R x T? respectively. For all § € R, We define the weighted operator Ls as

Ly = e 9PQ2ACH (% ),

As shown in the proof of Lemma d p has norm one and all its derivatives are
bounded uniformly for € € (0,1). Therefore, we use this as the radial parameter by
which we will decay. We use the bounds on d p and its higher derivatives to show
that L is strictly elliptic in the sense of |Gilbarg & Trudinger| (2001):

Proposition 4.10. For each § € R, the operator Ls is a strictly elliptic operator
with bounded coefficients between Cf;“ > and C’f}o‘, uniformly in € € (0,1). That

is, if one considers the local coordinates given in Theorem[4.4] and expands Ls as
Ls = aijaiaj +b'0; + ¢,
then there exist A\, A > 0, independent of €, such that
—aeE; > NP Ve e R!

and |7 coe, [Bllgae lelgae < A-
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Proof. For any twice differentiable function u, one can show

e PO2ACH (%Py) =Apu + 2(dlog Q — §d p, du)es
+u- (=6 =0 Vidp+25(dlogQ,dp)es) - u.

Therefore, Ls differs from A, by a first order differential operator. The Laplacian
is always strictly elliptic and so we have left to show that Ls; — A.s has bounded
coefficients. This is true if (the derivatives of) dlog ) and d p are bounded. In the
proof of Lemma this is shown explicitly. ]

We return to the study of the bounded geometry of P,,. Except for the injectivity
radius, all conditions stated in Theorem are satisfied by Lemma[1.8] However, in
most cases the injectivity radius decays to zero. This is because the circle radius of
the fibers is % or % respectively. To remedy this, we replace the fibers with their
universal cover. To be precise, we will consider local trivialisations over sufficiently
large, contractible open sets and we work on the universal cover over these trivial-
isations. We will show that, on these local universal covers, the injectivity radius
is bounded below. For this we use a result by |Cheeger et al.| (1982), which states
that it is sufficient to get a lower bound on Vol.;(Bi(p)) for all p € Py,. Secondly,
we will determine how the Sobolev and Holder norms change when we project them

back to neighbourhoods on Ps.

Lemma 4.11. On local universal covers of P, the injectivity radius is bounded

below, uniformly in € € (0,1).

Proof. We explain the case B = RxT?. Pick p = (9,0) € P4 and choose ¢ > 0 such
that the ball B,(x¢) C B is contractible. Next, we trivialise P|B,(zo) >~ B,(xq) x S*

and consider the following rectangular neighbourhood on its universal cover:

R,(p) = {(w,t) € B,(z) x R: [t| < hi””)g}

We claim R,(p) lies inside a circumscribed ball of fixed length. To show this, pick
(x,t) € R,(p) and consider the path that goes parallel along the coordinate axis.
According to the gauge fix in Lemma [3.12] the length of this path is bounded above

by some uniform constant C' > 0, and so R,(p) lies inside the ball of radius C' centred
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at p. The volume of R,(p) is equal to

he

< ? ¢ ]
VOlcf(RQ(p)) = / /h h_VOIQB /\dt = 2\/0193(Bp<x0)) — g,ﬂ_Q3
x€By(x0) J—"p0 "¢

According to (Cheeger et al.| (1982), the injectivity radius at p on R,(p) is bounded
below uniformly in € € (0, 1).

When B = R? x S! the injectivity radius will still decay to zero at infinity. This is
due to the term eip gst in the metric. However, when we consider P, as a 72 bundle
and use this unwrapping trick for both decaying fibers at the same time, we still get

a lower bound on the injectivity radius. O]

Any function on P, can be lifted to periodic functions on these local universal
covers. This gives us two ways to measure these functions: We can measure them
using the Sobolev or Hélder norms on P, or using the respective norms on the local
universal cover. Due to the S! invariance of the metric, we claim that their Holder

norms are equivalent.

Lemma 4.12. Let V C P, be open such that V restricts to a trivial S*-bundle
or T?-bundle respectively over a contractible base space. Let V be the universal
cover of V.. Then, for any u € C’fﬁ(V),

el gty = Nl

where @ is the lift of u in Cffa(V)

In the Sobolev case, the norms are not equivalent. Namely, a ball on a local universal
cover will contain multiple copies of the fundamental domain. Because the circle
radius may shrink to zero at infinity, the number of fundamental domains may not

be bounded. However, we can solve this issue by changing the volume form.

Lemma 4.13. Let r > 0 be less than the injectivity radius found in Lemmal4.11]
Let p € Py, let B.(p) be the ball of radius r in Py, and let B,(p) be the ball of
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radius r on the local universal cover of P at p. Consider the function

che  if B=TR3
vP =< ifB=R2x S

% otherwise.

Then, there exist 1 < My < My and 0 < C} < Cy, independent of p and €, such
that for all u € L*(B,(p))

Cillo-ull2s, py ) < Nttll 28, ) < Collv - ll2 (5,6,

where 4 is the periodic lift of u on ér(x)

Proof. We explain the case B = R x T?. For the volume estimates, we again work

with the rectangular domains, described in the proof of Lemma [.11]
he(x
R,(p) = {(x,t) € By(zo) x R: |t] < %g},

where p = (20, 0) in a local trivialisation. As explained in the proof of Lemma [4.11]
each rectangular domain lies inside a circumscribed ball whose radius only depends
on o. We claim it also has an inscribed ball with the same property. Indeed, to
estimate the radius of the inscribed ball one picks an (z1,;) € Bj(zo, to) for some
0 > 0 and a geodesic v between (zo,ty) and (z1,t1). To show that (z1, ;) lies inside
R,(x0,0) one needs to calculate the coordinates of ;. For example, to calculate the

p coordinate of x; one uses

p(wl)Z/O dﬂ(’?(t))dtﬁ/o [dpll - I7(#)] dt = Length(v) < @.

The radii of the inscribed and circumscribed balls determine the values of M; and

M. Using these balls, we only need to show

Cullo - ullzam, ) < Nl72(a,0) < Collv - ullZem, )

where F,(p) is the fundamental domain
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Let us estimate HQH%Q( R,(p)- Decause the circle radius of the fiber is 2m¢ " a rectan-

he
gular domain contains a number of fundamental domains between |ming, 2@:6

0| and

[maxp, 2::715 o]. Therefore, by the periodicity of 4,
2 12 2
me) el o) Nullzzim, iy < Nllz2m,m) < (m%>§2—md wllZ2(r, ()
We can find C; and C, by bounding [ming, 2’;?6 [maxp, 2}:6 0| on these do-

mains. Asymptotically h. is approximated by 1+ €¢(8p + O(e™*)) for some § > 0,

and hence

|ming, ) Qhe 0] min h, — h, Bo+ O(e=*) i
0 e <1 - = 1-= <1_ 0 o
e = he 1+ e(Bp+Ofe=r)) — cBo+O(e™)

A lower bound and the bounds for [maxp,(,) 20| can be found similarly. Therefore,

there exist some constants C7, Cy > 0 such that
Cillv- u”%Q(FQ(p)) < ||@||%2( R,(p) ) S Collv - UHL? F,(p))*

]

As discussed before, the study of weighted operators is equivalent to the study of
weighted norms. Inspired by the form of Ls and Lemma [4.13], we define the following

weighted norm.

Definition 4.14. Let Q and g.; be as described in Definition and let p be
as in Definition . For any k € N, a € (0,1), § € R, we define the weighted
Hoélder norm on U C Py as

— |le—0" . N
||u||c§’a(U) ||€ U”cf/; )

For any k € N, § € R, we define the weighted L* and Sobolev norm on U C Pa,

as

(u, v) 207 =<€_§p u, e V) E2 ()

G v 0 Z V" (e - w)lellF )
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where L*(U) is the L* norm with respect to the volume form

d p A Volg: An if B=R3
Vol := { dp A Volgi, et Ay if B=R?x S
d p A Vol An if B=R x T2

4.2 Weighted local elliptic estimates

With all these ingredients we now have a method to establish elliptic estimates on

P... For example, to rephrase the estimate®
lulose < € [I1Aullgzrae + ullen]

we follow the following steps:

Step 1: First we pick the radii of the balls on which we apply the estimates. Hence,
for any x € P,, we consider a neighbourhood V' C P, which restricts to a trivial
S1- (resp. T?-) bundle over a contractible base space. According to Lemma m
we can pick V' large enough such that the injectivity radius is bounded below uni-
formly for € P and € € (0,1). According to Theorem there exists ry > 0
uniformly, such that B, (z) can be equipped with harmonic coordinates. We pick

O<r<r <rg.

Step 2: Fix k € Nsg, @ € (0,1) and § € R. Pick u € Cy*(B,(x)) and consider
“u”C{l;’a(Br(m))' By Definition we write

-5
||u||C§”"(BT(x)) = |le pU‘HCfJ}a(BT(:E))'

We picked our radii such that B,.(z) can be equipped with harmonic coordinates.
Moreover, by Proposition .3] we can view the Holder norm on the right hand side
as the Holder norm induced by this chart.

Step 3: Next, we lift u € B,/(x) to a periodic function @ on the local universal cover

20This regularity result is a combination of |Gilbarg & Trudinger (2001), Problem 6.1, Theorem
9.19 and |[Folland, (1995) Theorem 6.33.
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inside B, (x). By Lemma m,

-5 ooy,
le™ullexe s, @y = Nl e 5, @)

Because the local universal cover has bounded geometry, we are able to apply the

elliptic estimate

el g 5, () <C [“La(@*apfb)Hcff’Q’“(B;(:v)) + HeiépaHCO(B#(x))} ’

Step 4: Using the fact that Ls is invariant under deck transformations, we project
down to balls on P, and by Lemma .12}

-5 -5 -5
le p“Hch;“(Br(x)) <C [HL(;(e pu)HCff_Q’a(B;(x)) + e puHCO(Bi(r))} :
Using the definition of Lsg,
Hefapuucfﬁ(&(x)) <C [HefépQﬂAGHUHcff—m(B;(x)) + HeiépaHCO(Bé(r))] 7

and we conclude:

Theorem 4.15. Let k € N>y, § € R and a € (0,1). For sufficiently small
0 < r <7, there exists an uniform constant C' > 0 such that for all x € P, and
any distribution u on By (z) with Q 2A%y € CF > (B (),

u € C5*(By(z))

and

2 \NGH
HUHCL’;@(BT(@) <C [”Q A u||0§—2,a(BT/(x)) + |’UHC§(BT/(x)) :

Similarly, we get a local Schauder estimate using Sobolev norms. For this we use
the results on R™ from Evans (1998) (Theorem 1 in section 6.3.1) and Bandle &
Flucher| (1998)) (Theorem 7-12).

Theorem 4.16. Let k € N>y and 6 € R. For sufficiently small 0 < r < r', there

exists an uniform constant C' > 0 such that for all x € Py and any distribution
u on By (z) with Q2Ay € CF > (B (x)),

w € WE(By(x)
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and

2 —2AGH, (12 2
HuHW(;@sQ(BT(x)) <C HQ A uHW(f_Z’Z(BT/(x)) + Hu”Lg(BT/(a:)) :

Theorem 4.17. Let § € R and o € (0,1). For sufficiently small 0 < r < 1/,

there exists an uniform constant C' > 0 such that for all * € Py and any u €

C§7Q(BT’(x))a

[ull oo, @)y < € [HQ_2AGHU||C(?’“(BT,/(Z)) + ||U|’L§(Br,(m))] :

4.3 Weighted asymptotic elliptic estimates

As shown in sections 8 to 10 of |Pacard| (2008)), Fredholmness of an elliptic operator
can be shown using global Schauder estimates. In this section we prove similar
estimates on P,.. In order to describe these global estimates we need to slightly
increase the size of P,,. For this, recall from Definition 4.6|that P, := 7~ *([Ry, 00) X
Y)) for some compact manifold ¥ and large Ry > 0. Pick R; slightly smaller than
Ry and define the slightly larger P’ as

P, :=rn"Y([Ry,00) x X).
Their difference is given by

Koo i=n" Y[Ry, Ro] x %).

Theorem 4.18. Let k € Ny, o € (0,1) and 6 € R. There exists a uniform
constant C > 0 such that for any bounded u € C:*(P./Zsy) with Q2AGHy ¢
Cy (Pl 2s),

u € C5* (P /Zs)

and
“u”c(’;vo‘(Poo/zz) <C [HQ_ZAGHUHC(I;—T“(P(;O/ZQ) + ||“||C§(P40/Z2)] :

Furthermore, if u vanishes on OP. |Z,, then

||U|‘c§va(péo/z2) <C [HQfZAGHuHC:;J’“(PgO/Zz) + HUHCS(Péo/Zz)] '
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Proof. Let 7 and r’ be as described in the steps for Theorem [£.15] Because u €
CEY(PL), uw must lie in Cy* (B (z)) for all 2 € P, Theorem states that

loc

[l gm0y <C [||Q_2AGHU||C(I;—2’O‘(BT/(a;)) + ||“||C§(Brz(w))}

<C (1922wl gr-2 ) + Nullcgen]
Varying x € P,,, we conclude that

lullggapay = D Ml g s,y < € 1972 A ull sy + lullcgeer,]

TE oo

By working Z, equivariantly on P,,, the first estimate follows.

For the boundary regularity estimate we use the same method, combined with Corol-
lary 6.7 from |Gilbarg & Trudinger| (2001)), which states that, for any x close to the

boundary;,

-2 ANGH
il eypy <C [1Q2A ullguse oy ) + lullegers] -

]

Using the same method one can extend Theorem to a global version. For
Theorem we need to use a summation method, similarly to Proposition 6.1.1
in [Pacard| (2008). Namely, we pick x > 0 and write P/, as the union of annuli
Ay = 1 (Brotr(n+1) \ Bro4rn), and we sum the estimates for all annuli. Because
the radius of the circle fiber is uniformly bounded above we can cover A, with a
fixed number of balls such that on each ball we can apply Theorem [4.16] For large

enough k, we get the estimate

n+1
- G
el oy <C 3 (197242 s, + ulya,]

m=n—1
for all n € Z>(. Taking the union over the first /N annuli yields

N—+1
ey, a0y <36 [HgszcHU\|W§,2,2(An) + HuHLg(AH)}

n=0

<3C |:HQi2AGHU||W§c72,2(U£Y:O1 An) + HUHL§<U2/=+01 An)] .
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If one assumes that « vanishes on the boundary of P._,

ol an) <3C (102 A ullyosa g 2y + el (s )

Taking the limit N — oo we conclude:

Theorem 4.19. Let k € N>y and 6 € R. There exists a uniform constant
C' > 0 such that for any Li-bounded u € W, 2(P. /%) with Q 2A%Hu €
Wy (Pl Z),

u € Wy (Puo/Zs)

and
HUHW‘;“Q(pOO/ZQ) <C [HQ_2AGHU||W§—2‘2(Pgo/Zg) + ||u||L§(Péo/Z2)] :

Furthermore, if u vanishes on OP. |Z,, then

HUHWL;W(P(;O/ZQ) <cC [HQQAGHuHW;cf?‘Z(Pgo/Zg) + HUHL(?(PCQO/%)] :

Theorem 4.20. Let k € Ny, o € (0,1) and 6 € R. There exists a uniform
constant C' > 0 such that for any L3-bounded u € L*(P. /Zs) with Q7 2A%Hy €
G5 (Pl Zs),

u € Cp* (P /Zs)

and

[ull oo py /2,y < € [||Q_2AGHU||c§va(pgo/zz) + ||u||L§(PéO/Z2)] :

These estimates do not imply Fredholmness. However, as in Pacard (2008)), if in
Theorem we can change |ul|z2(pr/z,) into ||ul| L2 (k) for some compact set K, we
can show Fredholmness. For functions on the base space these estimates are well
known, and hence we need to study functions on the fiber separately. We now define

this decomposition explicitly.

Definition 4.21. For any continuous function u on P._ define the projections

1
ub<x,t>=%/l()un
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and

Up = U — Up.

A continuous function u is called S* invariant if u = uy,. The function u is called
S* non-invariant if u = uy. The operators that map u to w, and uy will be denoted

as m, and m¢ respectively.

By construction, the space of continuous functions on P/ has a direct sum decom-
position into S! invariant and S' non-invariant functions. Related to this splitting

there are three analytical properties which turn out to be useful.
Lemma 4.22. The operators Ls and m, commute.

Proof. Let u € C’f}o‘ on a local trivialisation of P, and consider the Fourier series of
u. Using the S' invariance of the metric and the various weight functions, one can
show that the Laplacian acts diagonally over this Fourier decomposition. Therefore,

it must commute with 7. O

Lemma 4.23. On any S invariant domain U, the operators

m: C°(U) — C°(U)
Ty : CS}Q(U) — C’S}Q(U)
m: L2(U) — LA(U)

are bounded. The same holds for 7.

Proof. For any v € C°(U) and z € U,

27 27
: 1
lup(2)] < _/ lu(e™ - x)| dt < 2—/ ullcoy dt < Jlullcow).
T Jo T Jo

This implies the boundedness in the C° case. When u € CS}“(U ), then for all
x,y € U sufficiently close to each other,

< ul@) — U(E@/)

~lellete @) < =g gy < elegwr
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By the S! invariance of the metric

u(e - z) —ule® - -y)  ule® - z) —ule - y)

for all ¢t € R. Integrating this expression over ¢ yields

_HUHC’S}Q(U) <

L ulet @) —uley) | w(@) - uy)
<5/ dt == < ful o g,

d(z,y)~ d(z,y)~

From this we conclude ||u|| o) < ||l ey Finally, notice that in a local
trivialisation m, projects fiberwise to one of the Fourier modes of S!. Because the

Fourier modes form an orthonormal basis, this is a bounded operator on L?. O

Proposition 4.24. Let x € P!, and denote the orbit of x as S* - {x}. For any

continuous function u that satisfies u = uy,
HUHCO ($1{x}) 27\/——”01““00 (S'-{z})
[l L2(s1-(ap) S\/—h—EH dullz2(s1.qap):
Specifically, when B = R? or B = R? x S, these estimates simplify to

€
HUHCQf(Sl{x}) §27re_H dUHCvO (S1-{z})

||UHL2 S1{z}) < Ph H duHLz S1{z});
and when B =R x T?, they simplify to

€

|l L2 (s1-12}) —H duHL2 S1.{z})-

Proof. Let (x,t) € P/_. Because u is S' non-invariant, there exists a ¢, € S* such

that u(z,ty) = 0. By the fundamental theorem of calculus,

u(z,t) = %dt
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From definition we estimate the circle radius, and hence

t €
u(z,t) < duller - ||0]|cpdt < 27 du )
@0 < [ dules- 1oy Sl duley 51

In order to find the L? estimate, write u(x,t) = > wu,(z)e™ and note that

Hu||2£2(51.{x}) :/ lul*dt = Zui
n=1

S Z nzui S H du(at)||%2(51.{x})-
n=0
Therefore,
A 1 Y 101 e

]

Using the Poincaré inequality we are able to prove the Fredholmness of A“H. A
crucial fact we need is that the circle fiber collapses at infinity. This is true for all

cases except when P is a trivial circle bundle. Hence we treat this case separately.

Theorem 4.25. Assume that B =R? or B =R? x S'. Fiz § € R\ Z. There
exist some uniform 0 < Ry < Ry and C > 0 such that for any u € Wy (P, /Zs)
oru € C*(P|Zy),

HUHW(52’2(POO/ZQ) <C [”Q_QAGHUHLg(PéO/Zz) + HU”Lﬁ(Koo/Zz)] or
Hu”c}“(Poo/Zg) <C [HQﬂAGHUHCg’Q(PK;O/ZQ) + HU”CQ(KOO/ZQ)} respectively.
When u vanishes on OP., /7,

HUHW(?’Q(P&)/ZQ) <C |:H972AGHUHL§(PAO/ZQ) + HUHLg(KOO/Zz)] or

Hu||C§’°‘(Pgo/z2) <C [||Q—2AGHUHC§,Q(PC€O/Z2) + ||u||cg(Koo/Z2)} respectively.

Proof. (N.B. In this proof the value of C' will change from line to line.) Assume
without loss of generality that B = R® and u € W;*(P.,/Z,). Consider the case
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u = uy. From Theorem [.19]

lusllwzsp, jz, <C [IIQ_QAGHWHLg(Pgo/ZQ) + ||“f||L§(Pgo/Z2)]
<C [HQ_QAGHu,fHLE(P(;O/Zg) + ||uf||L§(Koo/Zg) + ||uf||L§(Poo/Zg) .
Using the Poincaré inequality, we rewrite this as

ZAGH

sl e ) <C (190728 gl 2 sy + Mgl 2 2

€
e i - minp hEHdufHL§(Poo/Zz) :

If we pick R; such that ——¢—— < 1 we conclude that

e~ ‘minp he 27

QAG’H

1 _
§||Uf||wg»2(poo/z2) <C||€ Uf||L§(PgO/ZQ) + ||uf||L§(Koo/Zg)} :

Secondly, consider the case u = wu,. For S' invariant functions, Q 2A%H reduces

to the standard Laplacian A” on the basespace. As explained in the introduction
of this chapter, the operator AP is Fredholm in the norms given by Bartnik| (1986)
when 0 ¢ Z. By Lemma [4.8 these norms are equivalent to the Sobolev norms
introduced in Definition [f.14 Therefore, there exists a uniform constant C' > 0

independent of u such that

ol 20y <O (1972wl gz 2y + ol )]

Finally, consider the general case u = u, +uy. Combining the above estimates yields

lellwze b jz) Slunllwz2 ey jz,) + 1usllwze e, 2,

<C |:||Q_2AGHUI)HL§(P(’>O/Z2) + Q72 A g 2oy ey, )

2y + s 2| -
Using Lemma [4.22] and [£.23] we get
|‘UHW§2(POO/ZQ) <2C [HQ_QAGHUHL(%(P&)/ZQ) + HUHLﬁ(Kw/ZQ)} )

which concludes the first estimate. The second estimate follows by a similar argu-

ment. O
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In the above proof we picked P, such that mm;ﬁ < % forall 0 < e < 1. If
we want to use the same proof when B = R x T2, we need to show minf - %

However, when P, is the trivial circle bundle, the function h, is bounded above (see
Lemma [3.4)), and if C' is sufficient large we arrive at a contradiction. However, by

forcing e sufficient small, we still can require —<<
min

—<¢ _ <1 and conclude:
Poo he 2

Theorem 4.26. Assume that B =R xT2. Let C as defined in Theorem[/.19 and

assume that € < % Fiz 6 € R\ Z and o € (0,1). There exists a constant

C > 0, such that for any u € W3*(PL|Zy) oru € Co*(P.,)Zs),
"U“Wg»Q(Pw/ZQ) <C [HQQAGHUHLg(PgO/Zg + HUHLg(KOO/Zz)] or

lullczap, jz, <C [||Q*2AGHu!\cg,a(péo/ZQ) + Hul!cg(Km/zQ)} respectively.

When w vanishes on OP., |7,

HUHW(?’Q(P(;O/ZQ) <C |:||972AGHUHL§(PC’>O/ZQ) + HUHLg(KOO/Zz)] or

Hu||c§’°‘(Pgo/Z2) <C [HQ_QAGHUHCS,Q(P&/ZQ) + ||u||cg(Kw/ZQ)} respectively.

Corollary 4.27. Let W;bQ(PéO/Zg) be the space of all Wi*(P.,/Zy) functions that

satisfy ulop, jz, = 0. Under the conditions described in Theorem or
the operator

Q2N WER(PL L) — L3(PL ) Zs)

18 Fredholm.

Proof. The proof is identical to the proof of Theorems 9.1.1 and 9.2.1 in Pacard
(2008). His argument goes as follows:

To show that the kernel is finite dimensional, one assumes the contrary and con-
siders an infinite sequence of orthonormal elements in the kernel. Using Rellich’s
compactness theorem one can find a subsequence that converges in L} (Koo /Zs).
Using Theorem or one can show that this subsequence actually converges
in W; (P, /7). Because each element in this sequence has norm one, the limit must

also have norm one. At the same time, the limit is orthonormal to each element in
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the sequence and so the norm of the limit must be zero. This is a contradiction.

To show that the range is closed, one considers a sequence u; € W; 2(P.,/Zsy) such
that Q7 2A%Hy; converges to some f € L2(P. /Zy). Tt is sufficient to show wu; is
bounded in L%(P. /Z,), because in that case Rellich’s compactness theorem and
Theorem or imply there is a subsequence converging to u € Wj 2(PL /)
such that Q7 2Au = f. To show boundedness, one assumes the opposite and con-
siders the normalised sequence 4; = u;/||u;l|z2(pr /z,)- Using Rellich’s compactness
theorem and Theorem or again, one can show there is a converging subse-
quence in the kernel of 2 2A. This limit can be chosen orthogonal to all elements

in the kernel and hence it is zero. At the same time its norm is equal to one. O

4.4 Fredholm theory for the Laplacian

Knowing that the Laplacian is Fredholm, we study the kernel and co-kernel of
QO~2A%H on P! /7, with Dirichlet boundary conditions. First, we consider the ker-
nel of O 2A%H . In the case § < 0 injectivity follows from the maximum principle.

In the next proposition we get a better result for S' non-invariant functions.

Proposition 4.28. There exist uniform Ry > 0 and & > 0, such that for any
5 < & and o € (0,1) there is no non-zero u € C3*(P.,/Zy) that satisfies

w is S* non-invariant,
Ay =0, and

u|ap//22 = O

Proof. Let R > R;. Using the notation as in Definition [£.6] consider the set
U, =7 Y[Ry,7] x %).

Using integration by parts, one can show that for any harmonic function u on U,
and 0 € R,

90 = [ 0w O At 45 ™0 dply

100



4.4. Fredholm theory for the Laplacian W.A. (Andries) Salm

With respect to ¢“¥, the norm of dp is ﬁ or ﬁ when B = R x T? or B #

R x T? respectively. In any case this is bounded by one, but when B # R x T?
one can make this term arbitrary small by changing R;. By the Poincaré inequality,

e Pull2, 4, < 2me [ de0u)]

I 12,,(U)) and hence

Ur)

We pick Ry and § such that 8wed? - || de < 1.

1 (P /22)

Finally we use the fact that u vanishes on 0P’/Z,. We are left with

w““m(R% ) Jy Volgz Adt if B=R?
/ e Py xH du = e ¥Ry (R )ap( ) Jg Volgiug Adt if B=R?*x S*
U,
ee PR y(R )g— ) Jx Volra Adt otherwise.

When u € C}*(P.,/Zs), then there is a constant C' > 0 such that

IR if B = R3

6—26R

/ e WPy xGH qy <C -
U,

otherwise.

This vanishes at infinity when 6 > 0 or when § > % This implies that in the limit
r — oo, || d(e"®ru)|2, v,y = 0 and hence u must be a multiple of %, The only
GH\™T

S non-invariant function that satisfies this is the constant zero function. O]

Corollary 4.29. There exist uniform R; > 0 and 6 > 0, such that for any § < 0
and o € (0,1) there is no non-zero u € Wi*(P., /Zy) that satisfies

w is S* non-invariant,
Ay =0, and

u|apl/22 = 0

Proof. Using Theorem and Theorem [4.20] u € C%“ and we apply the result
from the Holder case. [
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One can solve the Laplace equation on R? x S* and R x T using a Fourier decom-
position. A small calculation will show that only the zeroth Fourier component will
contribute when 0 < 1. Therefore, we only need to study the Laplace equation on
R? and R. These harmonic functions are well known and as a reminder we will give

them in the following Lemma:

Proposition 4.30. Any u € C3*(P'/Zy) or u € W;*(P'/Zy) that satisfies

w is SY invariant,
QO2AH Yy =0, and

u|8P’/Z2 =0,
will vanish when 6 < 0. For ¢ € (0,1), u must be of the form

Atp-e? if B=R?3,
u =
Adp-p otherwise,

where A, i € R are chosen such that u|pp;z, = 0.

Next we focus on the cokernel. When one uses Sobolev spaces, one can calculate
the cokernel of an operator by studying the kernel of its formal adjoint. Because the
Laplacian is self-adjoint, we expect the formal adjoint of Ls to be similar to itself.
In the next proposition we make this precise. Combining this with our knowledge

of the kernel from Proposition we will get an explicit description of the range.

Proposition 4.31. Let ijQ(Péo/Zg) be the space of all Wi (P!, [Zs) functions
that satisfy w|pp, jz, = 0. Under the conditions described in Theorem or
f € L3(P. JZy) lies in the image of

Q2N WS (Pl Zs) — Ly (Pl /Z2)
if and only if (f,€” - v)j2ps sz, =0 (0r {f,0)p2(pr yz,) = 0 when B # R3) for all

2,2 . B
v € ker Q*QAGH: Wf(6+1),0(Péo/Z2) — L%(5+1)(PéO/ZQ) ZfB =R?3
Wzﬁo(Péo/Zz) — Lz,g(Péo/ZQ) otherwise.
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Proof. Because Ls is Fredholm, we are left to calculate the formal adjoint of Ls.

Recall from Definition we equipped the Sobolev spaces with the volume form

—~ dpAVolg A if B=R3
Vol =
dp A Volrz2 An  otherwise.

Describing this using the volume form of &, we get

e 1 O2e Vol if B=TR3

1 02 Vol®H otherwise.

Vol =

Hence for all compactly supported functions u and v,

(Lsu, U>i2(pgo/22) =(ePQ A (), U>i2(PgO/ZQ)
(e TP ACH (ebryy), V)2, (PLyzy) i B = R?

(e=9P AGH (e9pqy), V)12 (Pl /Zs) otherwise.

Using the self-adjointness of the Laplacian,

<L5u U>E2(P' 12) = <u’ L_(5+1)U>f,2(péo/z2) if B=R?

Therefore, the formal adjoint of L; is L_(;41) or L_s respectively. This implies
that f € L?(P/ /Z,) lies in the image of Ls: VV;Q’Q(P(;O/Zz) — L2(P.,)Zs,) if and
only if (f,3) = 0 for all v € ker L_(s41y or v € ker Ls respectively. Converting
this to a condition on weighted spaces, we conclude f = €% lies in the image of
O2ACH: W22 — L% if and only if (f,e” - v) =0 or (f,v) =0 for all
e0TVPG € ker Q2ACH  W2E | (Pl [Zs) — L* 5,1, (PL/Zy) if B=R?
e € ker Q72ACH ; WE’;O(P&)/ZQ) — L? 5(PL ) Zs) otherwise.

V=

]

When B = R® the operator is injective for § < 0. According to Proposition [4.31]
it must be surjective when § > —1. Hence it is an isomorphism for § € (—1,0).
However, when B # R? there is no § € R such that Q2A%H is injective and

surjective at the same time. Hence we need to manually enlarge the domain without

103



W.A. (Andries) Salm 4. Fredholm theory for ALX gravitational instantons

adding new elements to the kernel. We claim that when B # R?, § < 0 and |§] < 1
the operator

QA W (PL ) Zy) ® Rp — Li(PL [ Zs)

with Dirichlet boundary conditions is the isomorphism we are looking for. At first
sight this only changes the kernel, because A“"p = 0, but the opposite is true.
Namely, the boundary condition wu|sp;_ sz, = 0 changes to (u + Ap)lopyjz, = 0,
which allows u to be non-zero at the boundary. Hence we actually study the oper-
ator Q2ACH . W22(PL/Zy) — L3(P.,/Zs) for functions that are constant on the
boundary and we claim that this operator has an trivial co-kernel. In the follow-
ing proof, we will reparametrise Wy (P.,/Zs) ® Rp as W; (P /7)) @ R¢ for some
function ¢ and show we have enough degrees of freedom to satisfy the conditions of

Proposition [4.31]

Theorem 4.32. Let § € (—1,0) with |§| sufficiently small. For any f €
L2(P.)Zy) there exists a unique u € Wi*(P.)Zy) or u € Wi (P /Zs) ® Rp
such that

Qf2AGHu :f

U|BP’/ZQ =0

when B = R3 or B # R3 respectively.

Proof. We only prove the case B # R3. Let u + \p € W;*(P._/Z3) @ R such that
A(u+ Ap) = 0 and u + Aplgpr = 0. By Corollary and Proposition [4.30] there
exist a, f € R such that

u+ Ap=a+ Bp,

because Wi 2(PL /Zy) @ Rp € W3 (P!, /7). Dividing both sides by p and taking
the limit p — oo,

B = lim (ap™' 4+ B) = lim (up™ + A) = \.
p—00 p—00

This automatically implies v = «. The only constant function that is part of
I/V(;2 ’Q(Péz) is the constant zero function and therefore & = 0. The boundary condi-

tion forces 3 = 0. This proves the injectivity of Q 2A%H,

104



4.4. Fredholm theory for the Laplacian W.A. (Andries) Salm

“2A%H  we need to set up the following: Let o € R

Before we consider the range of €2
be such that a+p vanishes on the boundary of P._/Z,. Let x be a smooth bump func-

tion on Pl /Z, such that x|sp: sz, = 1 and assume that (Q72A%H (xp),a + p) # 0.

To prove surjectivity, consider f € L3(P. /Z;). There exists a f € R such that
(f+B-Q72A%H (xp), a+p) = 0. According to Proposition a+ p spans the kernel
of Q2ACH . W?2(P!_/Zy) — L? ;(P.,/Z,). This enables us to use Proposition
to show the existence of some u € W; (P! /Z,) such that

Q2N (4) = f+ - Q72A% (xp)

Because x is compactly supported, u := @ — - xp is an element of VV52 ’2(13(;O /Zs) and
we claim u + 8p € Wi (P /Zy) @ Rp is the solution we are looking for. Because
AGH,O — 0’

QA (u+ pp) = QAN (G4 — 5 xp) = f.

Using x|opsjz, = 1 and u|ops_jz, = 0,
U+ 5P|apg>o/z2 =u+B(1— X)P|8Pgo/Zz = 0.

This proves surjectivity. [
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5 Perturbation to hyperkahler metrics

In this chapter we combine all our results and finally prove Theorem [I.1] Before we
delve into the final part of this thesis, let us first recall what we have found in the

previous chapters, and what the main objectives are.

Near singularity p;/q; Asymptotic region
0 Ae? 5es i ee
2 _AH 2 TN ; ;
T 9 g~ g g gt

Figure 8: Identifications of the approximate hyperkdihler metric g on the complete
4-dimensional manifold Mp,,.

In Chapter , we constructed an almost hyperkiahler manifold Mp,, using a glu-
ing construction. As shown in Figure [§, and proven in Theorem [3.23] the space
Mg ,, has several distinct regions: For each non-fixed point p;, there is a region with
the rescaled Taub-NUT metric. For each fixed point g;, there is a region with the
rescaled metric of the Atiyah-Hitchin manifold. There is a bulk region that was
constructed using the Gibbons-Hawking ansatz, and finally there are gluing regions

which connect everything into a complete, connected, almost hyperkéahler manifold.

Our main objective is to transform the approximate solution into a genuine gravita-
tional instanton. In Section we set the perturbation problem up, and explained
how the hyperkéhler condition can be phrased as an elliptic equation. Our goal
is to solve this equation using the inverse function theorem. The main step is to
understand its linearised version. We claimed at the end of Section [2.2] that this

linearised version is an operator that is approximated by the Laplacian on functions.

To apply the inverse function theorem, we need the Laplacian to be an isomorphism
and its inverse to be bounded uniformly with respect to the collapsing parameter
€. For this we need to extend the asymptotic analysis of Chapter |4 to the whole
of Mp,. This will be the main study of the next four sections: In section 5.1 we
extend our weighted norms and operators over the whole of Mp,, and show that the
weighted operator is uniformly elliptic. In Sections 5.2 and 5.3 we extend our elliptic
estimates and we show that the Laplacian is Fredholm. Here we also determine the

(co)-kernel and explain for which spaces the Laplacian is bijective. The whole of
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Section 5.4 will be devoted to the proof of the uniform bounded inverse estimate.

Finally, in section 5.5 we revisit the inverse function theorem and we prove all the
claims we made in Section [2.2 Namely, we show that with the correct weighted
norms, our approximate solution is indeed approximately hyperkdhler. Secondly,
we show that the linearized operator is a small perturbation of the Laplacian and
finally we show that the non-linear part of our error estimate acts ‘quadratically’.

This enables us to apply the inverse function theorem and prove the main result.

5.1 Global metric

In Chapter 4| we considered a conformally rescaled metric g.; = Q*¢“? and the oper-
ator Q 2A%H on the asymptotic region of Mp,. We introduced a radial parameter
p, and defined the weighted operator Ls := e *Q 2A%H (&% .. .). We showed that,
with respect to g.r, the operator L; is elliptic. By analysing g.r, we found regularity
estimates for Ls, and with these estimates we showed L; is Fredholm. We deter-
mined the (co)-kernel of this operator and, by extending the domain with a function

¢, we concluded Ls is an isomorphism for 6 < 0 and |J]| sufficiently small.

The functions €2, p and ¢ were defined on the asymptotic region of our manifold
and in this section we will extend these functions to the interior. This choice can-
not be arbitrary if we want to show the existence of a uniformly bounded inverse.
Our choices are summarised in Definition [5.1] but before that we give a heuristic

argument for each of them.

rry = R3 ri = Ry

rag = R3 Tj:RQ r=DR,
f T T T s T P i> 00
0 4¢3 5es

ger | 9o

First we consider the metric near the gluing region. Up to double cover and depend-

ing on the kind of singularity, the metric g approximates the model metrics

. . €2 _ _ 1
g" =hE (dri 4 rigse) + 3 (1), hee =1+ e(0i + o),
” G (1.2 | 2 € ” 2
g =hg (drf +rgs2) + o (n")%, he =1+ e(aj — =),
€ J
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Because we have our error estimate with respect to gf} and g™, we will do our anal-
ysis with respect to these metrics?!. These conformally rescaled metrics are part of
the metrics we studied in Chapter [4] and hence we can pick 2 and p as we defined
before, i.e. Q=7 (hP)"2 or Q := T{l(hg")’% and p := logr; or p :=logr; respec-
tively. The function ¢ is only needed for the analysis on the asymptotic geometry

and so we pick ¢ := 0 on this region.

There is another reason why we measure this part with respect to the model metrics.
Namely, there are two ways to view the complete manifold Mp,,. Normally we view
(Mg, g) as a fixed manifold where the circle fibers decay and very small regions
are replaced by the Atiyah-Hitchin manifold and Taub-NUT spaces. Alternatively,
if we conformally rescale by ~ }2, we can view it as fixed Atiyah-Hitchin manifolds
and Taub-NUT spaces and the gluing is done ¢! far away. For this second picture
we use that g2 is approximately the Taub-NUT metric ¢V with mass —4. To use

our asymptotic analysis from before, we want to measure our function spaces with
1
) _ 2 (1=2r7 1)
prove gchN = gg}. Similarly, one can show gZ}N = 95}-

! ’ . . . .
respect to gl;¥ = g™, Using the identification r; = —*—7ax, one can
J

rrn = R3 ri = Ry
rag = R3 rj = Ry r=R;
: : : : — o e - : >
0 4e? 56% " o
gTN /| gAH

Secondly, consider large, fixed, e-invariant, compact regions inside the Taub-NUT

spaces and the Atiyah-Hitchin manifolds. In these regions g = : j:a_gTN or g =
: j;j g2 respectively. To make our estimates independent of e, we conformally

rescale back to ¢”" and ¢4, and hence we want Q to be %\/1 + €q; or %1/1 + eq;
respectively. Because on compact sets all weighted norms are equivalent, we pick p

to be constant and again we pick ¢ = 0.

Having chosen g.; on the bubbles, on the gluing regions and on the asymptotic part of

Mg ,,, we now interpolate these metrics. For this we keep two things in mind. First,

21 Technically, this choice implies g.; is not a conformal rescaling of g, because g only approxi-
mates the model metrics on the gluing region. To be consistent with the notation of Chapter [
we still use g.y for this globally defined metric.
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we pick the boundary of each region on places for which we have explicit control
of the metric. For example, we interpolate gap and gg} only in the asymptotic
region of the Atiyah-Hitchin manifold, because we have the approximation g4 =
g™ + O(e~"4#) only at infinity. Secondly, we want the transition between the
regions to happen on fixed compact sets, so that we can practically ignore them in

our analysis. Therefore, we define g.¢ as follows:

Definition 5.1. Let Ry > 0 be such that P! := 7~ ([Ry, 00) X X) is the asymptotic
region described in Section[{.3. Pick Ry, R3 > 0 such that Ry < 1 and Rs > 1.

Consider Mp,, as the disjoint union of the regions

{rrn < Rs}, {ram < Rs},
{rrn > R3 and r; < Ry}, {ram > R3 and r; < R»},
{ri,r; > Ry and r < R}, and {r > Ry},

where rrN, Tam, Ti, v and v are the radial parameters induced by g™, g P
g% and g respectively. On the interior of each region, define the metric g.; and
the functions 2, p, ¢ € C*(Mpg,,) as shown in the following tables and interpolate

the metric and functions on the overlap:

Near singularity p; Asymptotic region
rrN = Rg T = R2 r= R1
| — T %
0 4¢3 bet
TN ’

Ges 9 Gey = 9ef g 9
0 \/1:6041' T;l(hlgi)_% 1 (Def.
o |los (i) log () 1 (Def
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Near singularity q; Asymptotic region
ran = B3 rj =Ry r=R
| : : : —— - : —
0 4e3 5et
AH . ’

ey \/gm gZ} = g_CTle gGH chfH
Q - (R 1 (Def
o |1og (5 o) log(r) 1 (Def.
¢ 0 0 0 ¢=p

With this choice of g.; we define Holder and Sobolev norms. We only introduced
the Sobolev norms to show bijectivity of the Laplacian. For this we don’t need
uniformity in € and hence we can be less strict in our definition. However, this

sloppy work will imply that some estimates are not uniform.

Definition 5.2. Let g.¢, 2, p and ¢ be as described in Definition ﬂ Let Vol be
the volume form chosen in Definition [[.14] and extend it to a global volume form

on Mg,,.

For all § € R, we define the weighted operator Ls as
Ls = e 9PQ2A9(e” . ).

For any k € N, a € (0,1), and § € R, we define the weighted Holder norm on
UC Mg, as

||u||c§,a(U) = ||e—5p . u“Cgc’?(U)'

For any k € N, § € R, we define the weighted L* and Sobolev norm on U C Mp,,

as

(u,0) a0y =(e7°7 u, €7 V) 2y

k
el gy = S IV (€ w)lerlZagr
n=0

where L*(U) is the L? norm with respect to the volume form Vol.
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With this metric and operator we start our global analysis. We first show that
Q2A9 is elliptic and that this ellipticity is uniform in e. We will also show that it
is uniform in ¢ if § is restricted to a closed interval. This fact will be used when we

convert our results from Sobolev to Holder norms.

Proposition 5.3. For all k € Nsy;, a € (0,1), 6 € R, the operator
O2A9: CP*(Mp,,) — Cy >*(Mg,,) is strictly elliptic in the sense of Propo-
sition[4.10, This property is uniform in €. Moreover, if § is restricted to a closed

interval, then Q2A9 is strictly elliptic uniformly with respect to § and e.

Proof. First consider the weightless case, i.e. when § = 0. Later we generalise our
result to 6 € R. We study this operator on each region separately. First consider the
region inside the bubbles, i.e. where rry < R3 or r4g < R3. Because ) is constant,
Q2A9 = A%+, By definition, the Laplacian is strictly elliptic and hence Q72AY is.

Next consider the compact region away from the singularities and away from infin-
ity, i.e. when r; > Ry, r; > Ry and r < R;. For this part there is no rescaling,
ie. O72A9 = A%f and ellipticity follows trivially. The ellipticity in the asymptotic
case (where r > R)) is already shown in Proposition [£.10}

Next consider the region near the gluing regions, i.e. when r4z > R3 and r; < Rs.
For this let {z;} be Riemann normal coordinates with respect to ¢g%. In these

coordinates, Q72AY is given by

1 0 . Ou
0209 =02 7\ /]glg" 2L .
Vgl 9 < l9lg 8xj>

The metric g is approximated by g = g% + O(*r; ") + O(er}) = g% + O(e) and

therefore

O2A9 =072(1 + O(e))

o (o)

=0 2A" u+ O(e) - || dul|ce.

The model operator Q-2A%" we already studied in Section , and by Proposition
the operator Q2A9" is uniformly strictly elliptic. Hence, this must also apply

to Q72A9. A similar statement is true for the gluing regions near the non-fixed
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singularities p;.

Finally, we study the boundary between the regions. Away from the singulari-
ties all interpolations happen on fixed compact sets between asymptotically sim-
ilar metrics and all relevant functions are uniformly bounded with respect to e.
Therefore, these interpolations will not change the ellipticity of 2 2A9, and hence
Q2A9: CY*(Mp,) — Cy>*(Mp,,) is strictly elliptic uniform in e.

In order to consider the case when § # 0, we just need to compare Ls with Q72AY.

Let x; Riemann normal coordinates of g.; and write

82
-+ ﬁz

QA7 = gy o .

Then for all u € C*(Mp.,),
Lsu :=ePQ72A9(e%Pu)

Ou dp  9p Ou 0?%p
516
0z: 0w, | O, ax]] * { N Do,

—Q 2N+ 6 aj + ﬂl - U.

81’1‘

This will be uniformly strictly elliptic if d p and V d p are uniformly bounded. This
is true by construction. Moreover, the difference between e 9Q=2A9(e%u) and
Q72A9% is linearly dependent on §. Hence, if § is fixed to a closed interval, Q2A is

strictly elliptic, uniformly with respect to § and e. n

5.2 Bijectivity in Sobolev spaces

Next we study the domain and range of Q2A9. In Section this is already done
in the asymptotic region of our manifold Mp,, and we only need to extend these
results globally. For now, we restrict ourself to Sobolev norms. In the next section

we will focus on Holder norms.

First we show that Q7?A is Fredholm. For this we extend the regularity results
from Section to Mp,,. In the construction of Mp, we extended the bulk space
P../Zs by some compact set. Hence, to get global elliptic estimates, we combine the

standard elliptic estimates on Riemannian manifold with the results from Section

4.3l Using this, we extend Theorems [4.19] [4.20] [4.25] and [£.26] without proof.
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Lemma 5.4. Let e € (0,1), k € N>y and 6 € R. There exists a constant Cc > 0
such that for any L2-bounded v € W2 (Mp,,) with Q2A% € Wy~ >*(Mg,,),

u € Wy (Mg.,)

and

lellgezngyy < Ce (10728 ooz g, + el zzar ] -

Lemma 5.5. Lete € (0,1), a € (0,1) and 6 € R. There exists a constant C. > 0
such that for any u € L3(Mp,,) with Q2A% € C*(Mp.,),

u e C(?’a(MBm)

and

||u||C§’°‘(MB’n) < Ce ||Q_2Agu‘|cg’a(MBm) + llullz2(ass,) | -

Lemma 5.6. Let ¢ € (0,1). (When B = R x T?, we also assume that € is
sufficiently small.) Fiz 6 € R\ Z. There exist a constant Ce > 0 and a compact
set K, such that for any u € W *(Mp.,),

HUHW;@(MB,H) <C. HQiQAguHLﬁMB,n) + HUHL§(K) .

Lemma implies that the operator Q2AY is Fredholm. With this we can study
the (co)-kernel explicitly. When B = R3, this is very straightforward due to the

maximum principle:

Theorem 5.7. Assume that B = R3. Let § € (—1,0) and k € Nsy. For any
f € Wy (Mgs,,) there exists a unique u € Wy*(Mgs ,,) such that

QO 2A%y = 1.

Proof. By Lemma , it is sufficient to show Q2A9: W*(Mgs ,,) — L(Mgs ) is

an isomorphism. Injectivity is trivial: Assume that u is a harmonic function. Be-
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cause 0 < 0, v must be decaying. By the maximum principle u is arbitrary small

and hence u = 0. Therefore the kernel of Q72AY is trivial.

Next we study the cokernel of Q 2A9: W;?(Mgs,,) — L3(Mgs,). As we did in
chapter [ this is equivalent in studying the cokernel of the weighted operator
Ls: WCQJ;Q(MRs,n) — Lgf(MRs,n). To find the formal adjoint, recall from Definition

that the L%-space is measured with respect to some volume form Vol. Let f be
the smooth function such that Vol = f?Vol?. The formal adjoint of Ls is given by

Lt = -2 6pAg f2 —dp
5 = € @6 e ],

which is L_ 144y on the asymptotic part of Mgs ,,. If 6 > —1, the maximum principle
implies L} has a trivial kernel. Therefore, when § € (—1,0), the operator Q2AY is
bijective. n

This argument fails when B # R3, because the formal adjoint of Ls is L_s on
the asymptotic region. However, as in Theorem [£.32] we expect that the operator
Q2A9: W (Mp,) ® R ¢ — Wy >*(Mp,) will be bijective. We will show this
in three steps. First, we will give a preliminary result about the (co)-kernel of the
Laplacian. Secondly, we will use our results about the Dirichlet boundary conditions

to show surjectivity. Finally, we will prove injectivity.

Lemma 5.8. Assume that B # R3. When 6 < 0 the operator
Q2A9: WP (Mp,,) — L3(Mp,) is injective. When 6 > 0 the operator
Q209 W*(Mp,) — L3(Mg,,) is surjective.

Proof. This is the maximum principle applied on Q72AY and on its formal adjoint.
O

According to Lemma [5.8], there always exists an inverse, but this inverse might have
the wrong decay rate. Using the Poisson equation on the asymptotic region we will

show that this cannot happen.

Theorem 5.9. Assume that B # R3. Let § € (—1,0) with |8| sufficiently small
and k € Nso. For any f € W;"’*M(MBW) there exists a u € Wf’z(MB,n) @ Ro
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such that

O2Ay = .

Proof. By Lemma it is sufficient to show that Q2A9: Wf’z(MB,n) ® Rp —
L}(Mp,,) is surjective. Let f € L?(Mp,). By Lemma there exists a u €
W22 (Mp.,,) such that

QO 2Au = f.

Our goal is to show that u € WJQ’Q(MBW) @ R¢. Let x be a small bump function
on Mg, that is one on 0P, /Z,. By Theorem there exist a function u., €
W2*(P.,/Zy) and A € R such that

Q2A (uoo + Ap) =f — Q2A (xu),
(Uoo + AP)|opr/z, =0.

The term Q2A9(yu) is added, because it induces the conditions

Q2A9(uge + YU+ D) =F,
(UOO + Xu + )\¢)’ap//z2 =U.

At the same time, the restriction of u to the region P’/Z, also satisfies

Q2A9(u) =f

U|aP'/ZQ =u,

and hence u, + xu+ A¢ — u is a harmonic function on P’/Z, with Dirichlet bound-
ary conditions. Because T/V(;2 2 @ R¢ is a subset of WE’(SZ, and the harmonics of
W?Z(P../Z,) are known by Proposition m,

Uso + XU+ AP —u =+ [Bp
for some «, 5 € R. From this we make two observations: First, u + a + (5 — \)¢ is

an element of W7 (Mp,,), and secondly, it is also equal to ue +xu € W2 (P /7).

Because Mp,, is the union of a compact set with P/ /Z, and all weighted W22
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norms on compact sets are equivalent,
uta+ (8- Neo € Wr*(Mg,).

We conclude u + o € Wg’Z(MB,n) ® R¢ and Q72A9(u + a) = f, which proves

surjectivity. 0

Theorem 5.10. Assume that B # R3. Let § € (—1,0) with |§| sufficiently small
and k € N>o. The operator

QAT WP (Mp,,) @ Ro — LE(Mp,,)

has a trivial kernel.

Proof. Assume the contrary, and let v be a non-zero element of I/V(;2 (M Bn) and
A € R such that A(v + A¢) = 0. If A = 0, Lemma implies v = 0 and this
contradicts our assumption. Therefore, we can rescale our harmonic function such
that A = 1.

We claim that our assumption implies surjectivity of Q2A9: W*(Mp,,) — L3(Mp.,).
Indeed, let f € L3(Mp,,). By Theorem there must be a u € W;*(Mp,,) and a
A € R such that Q72A(u + @) = f. By our choice of v, we also have

QA (u — Av) = Q2AYu+ A — ANv + ) = f.

Hence u — \v € W;*(Mp,,) is an inverse of f.

We claim that surjectivity of Q 2A9: W*(Mp,,) — L3(Mg,,) leads to a contradic-
tion. Indeed, when Q72AY is surjective, then L; is surjective and its formal adjoint
must be injective. As shown in the proof of Theorem [5.7 the formal adjoint is L_s
on the asymptotic part of Mp,,. Because 0 < 0, the constants are part of the kernel
of L}, but we just have shown that the kernel of Lj is trivial. Therefore, v does not

exist. O
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5.3 Bijectivity in Holder spaces

Knowing that Q7 2AY is an isomorphism in weighted Sobolev norms, we can ask
whether the same result is true for Hélder norms. For this, we embed Holder norms
into Sobolev spaces. This almost works, but we will lose some weight. Namely, for

any 6 > 8 we have the embedding
C5(Mp,n) C L§(Mp,),

but this embedding is not uniform in 4. This change of weight does not interfere
with the injectivity proof, but complicates the surjectivity case. We will need regu-

larity results to regain the loss of weight.

Just as in the Sobolev case, we extend Theorems [4.18] [4.25 and [4.26|to Mp,,. Again

we consider Mg, as the union of a compact set with the asymptotic region P._/Z,

and combine these results with the standard elliptic estimates on compact spaces.

Once more, we give these results without proof:

Lemma 5.11. Let € € (0,1), k € Nso, a € (0,1) and 6 € R. There exists
a constant C, > 0 such that for any bounded u € CZZS(MB,n) with Q2A% €
i

ue Cy*(Mp,,)

and

lelleponqary .y < Ce [I90720%] oz, + lllegars.

Lemma 5.12. Let ¢ € (0,1). (If B =R x T?, also assume that € is sufficiently
small.) Fiz § € R\Z and o € (0,1). There ezist a constant C. > 0 and a compact
set K such that for any u € Co*(Mg.,),

ezt SC 1972 A%lcgeag  + ellcgi |

The injectivity of Q72A9 follows immediately from the embedding of Hélder into

Sobolev spaces:

117



W.A. (Andries) Salm 5. Perturbation to hyperkidhler metrics

Theorem 5.13. Assume that 6 < 0, k € N>y and o € (0,1) When B = R? the
operator

Q72A: CH(Mp,,) — C*2*(Mp.,)

has a trivial kernel. When B # R3 the operator

Q2A: C*(Mp,,) ® R — C*2%(Mp,,)

)

has a trivial kernel.

Proof. Let u be a harmonic function in the domain of 2 2A9. From the embed-
ding C3(Mp,,) C L} 5(Mp,), u must be a harmonic function inside Wg/’g(MB,n) or
W;;(M B.n) D Re respectively. By Theorems and [5.10, v must vanish. O

By embedding Hélder into Sobolev spaces we can always find an inverse, but this
inverse might have the wrong decay rate. In order to use Lemmas and
to regain the correct weight, we need to ask how the constant C. behaves under

variation of 4. We claim that C, can be picked uniformly in 4.

Proposition 5.14. Pick ¢, k, o and ¢ as described in Lemmas [5.11] or [5.15
Moreover, assume that § is restricted to some closed interval. Then the constant
C. in Lemmas and[5.19 can be chosen uniformly with respect to 4.

Proof. We focus on Lemma [5.11] as the other will follow similarly. By the relation-
ship between weighted norms and weighted operators, the estimate in Lemma [5.11

is equivalent to

lellex o aag,y < Ce [MEstullor2oqagy ) + il 5| -

By Proposition the operator Ljs is strictly elliptic, uniformly in §. This implies
that the local regularity estimates, from which Lemmas [5.11] and [5.12] originate, are
uniform in . Therefore, Lemmas [5.11] and must be uniform in §.

Alternatively, assume that C. is not uniform in 0. Then, there must be sequences
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u; € Cf}a(]\/[gyn) and J; € R such that

ludlesog,) = 1 1Zollezzeoaas, = 0

||Ui||cgf(MB,n) — 0, 5; — 0.
We apply Lemma [5.11{ on u; with the limiting weight ¢, which yields

Hui“c’f}a(MB’n) < 06(5) [HL&Ui”CfJ;?,a(MB’n) + ”uiHCSf(MB,n)

< 06(5) [HL&uiucfj;Q*a(MB’n) + H(Lé - L(Si)uiHCf;Q’O‘(MB’n) + ||Uz‘||cgf(MB,n) :

In the proof of proposition [5.3] there is an comparison between Ls and the un-
weighted operator Q2 2A9. Using this explicit description of Ls one can find a
bounded, first-order differential operator B such that

Ls, = Ls + (6 — ;) - B,

and the norm of B only depends on the ellipticity of the unweighted operator Q2A9

and the interval on which 0; resides. Therefore, [|(Ls—Ls, )uil| or-2.(y,, | converges to
cf )

zero. By assumption, ”Léi“iHCjﬁ’a(MB,n) and HUZ‘HCSf(MB,n) also converge to zero and

hence our regularity estimate implies u; converges to zero. This is a contradiction,

as the norm of u, is fixed to one. O

With the uniform control of C, we can finally prove the bijectivity of Q 2A9.

Theorem 5.15. Let § € (—1,0) (with |§| sufficiently small if B # R3), k € N,
and o« € (0,1). For any f € CY >%(Mp.,,), there exists an unique u € Cy*(Mp,,)
(oru € CY*(Mp,,) ® Rp when B # R?) such that

QO 2Ay = .

Proof. Let f € Cg_Q’O‘(MB,n). For any 6 € (4, d/2), f is an element of L%(MBW),
and according to Theorems and H there exists a u € W; (M B.n) such that

O2A%y = .

By Lemma , u is an element of C’g’a(MB,n). Because Q?A is injective, the func-

tion u does not depend on the choice of 5.
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We claim u € C9(Mp,,). Indeed, let + € Mg, and consider |e~% u|(x). We can
estimate this as

e ul(z) < 1] (@) - lleull 2o ary -

Because 0 is not an indicial root, we can apply Lemma m

e ul(2) < 1)) o [Ile75 Fllnqury, + e ullovio |

< |7 |(z) - C. [He(d_é)pHCZf‘(MB,n) N lleze ) + e llooge) - ||“||CO<K>] :

On any fixed compact set, e~% is bounded uniformly in 8, because e~% is continuous
in 0. The term ||e(5*5)p||02}a(MB ) is bounded uniformly in 0, because =97 decays
when § > 4. Also, the constant C. can be chosen uniformly with respect to § due
to Proposition [5.14] Therefore, there exists a constant C'(e, f, u|x) that depends on
Ce, ”fHO?‘*(MB,n) and |lu||co(k) such that

le=%u| () < 1e@=0%|(2) - Cle, fuly).

For each € Mg, we pick & > & such that e@=97|(z) < 2. This gives us an

estimate of |e~*u|(z) which is uniform in ¢ and so

lulleoars,y = sup le™ul(x) < 2C(e, f,uly) < oo.

J;EMB,TL

This proves the claim u € C§(Mp,,). From the regularity estimate in Lemma [5.11]
u € C’f’a, which shows surjectivity. Injectivity is shown in Theorem m O]

5.4 Bounded inverse estimate

Now we have shown that Q7 2AY is an isomorphism, we can study the norm of its
inverse. By the open mapping theorem, Q2 2AY has a bounded inverse for every
€ € (0,€6). To make the inverse function theorem work, we need the inverse to be
bounded uniformly in the collapsing parameter e. We dedicate this section to the

proof of this:

Theorem 5.27. Let § € (—1,0) (with |§| sufficiently small if B # R3), k € Nxo,
and o € (0,1). There ezist ey, C > 0 such that for any collapsing parameter
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€€ (0,e) andu € Cy*(Mg,,) (or u+ Ao € CF*(Mp,) ® Re when B #R3),

-2 4 _ o3
Hu||c§,a(MBm) <C'[|2 A9u||0§72,a if B=R
HUHCS"”(MB,TL) + A <O |Q72AY (u + A¢)||C§72,a otherwise .

The proof of this theorem can be split into the following steps.

1. Assume that there is no uniform bounded inverse. There must be a sequence
of functions u; and a sequence ¢; > 0, such that u; has norm one, but Au; and

€; converge to zero?.

2. Using the regularity estimate, construct a sequence of points z; at which the

functions |u;| are uniformly bounded below, away from zero.
3. Modify the functions u;, such that their domain is on a fixed limiting space.

4. Use the Arzela—Ascoli theorem to find a subsequence that converges to a non-

zero harmonic function u.

5. Argue that the limiting space has no non-zero harmonic functions, and reach

a contradiction.

Depending on whether the x; will concentrate near one of the singularities, we will
pick different limiting spaces and apply different transformations to u;. But for each

case, we will follow the above steps.

Remark 5.16. The proof for the case B = R3 will be a simplified version of the proof

for the case B # R3. Hence the rest of this section we only consider the latter case.

Step 1.

22When € does not tend to zero, the operator Q~2AY is continuous in € and hence, the existence of
the uniform bounded inverse can be done by taking limits. We only need to consider the non-trivial
case, when the collapsing parameter e tends to zero.
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Lemma 5.17. Suppose that Theorem |5.27 is false. Then there exists sequences
u; € C’g’a(MB,n), Xi € R, ¢ €(0,1) and ¢ > 0 such that

lillese g, + 1M1 =1,
-2
|7 =AI (u; + Az’fb)Hc;—?v“(MB,n) =0,
lwill o, ) > e and

e; — 0.

Proof. The first two conditions follow directly from the negation of Theorem [5.27]
We only need to show ||u; HC(’;’”‘(MB,") > ¢. Suppose not, and assume that ||ui||0§’“(MB,n)
converges to zero. Because |\;| < 1, there must be a converging subsequence with
limit A. Because HuiHCf’D‘(MB,n) +[\i| =1 and “uiHC(’;’O‘(MB,n) converges to zero, the

limit A must be equal to +1.

We claim that this implies A%¢ = 0. Because ¢ is supported on the asymptotic

region of Mp,, we can estimate

1272 A% cocm) =12 A/AD)llcpas,)
<IN = Al - 1972 A% llegiag, + 19728 (i + i)l =2

+1972A,, - ||ui\|0§,a(MB}n).
The right hand side of this inequality converges to zero, and therefore A%¢ = 0.

The function ¢ is not a harmonic function, which yields a contradiction. Hence,

HuZ-HC[?,a (Mp.,) 18 uniformly bounded away from zero. O

Step 2. Next we study the property ||u;|] Ch (M, > € N mOTE detail. Recall that

ko . .
the C§* is defined in terms of a supremum, i.e.

k

: IVFu(z) — VEu(y)les

k,a = J .
lullospy = s V@l + Y et

j=0 %€ z,yeU
d(x’y)<lanadx (gcf)
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This is equivalent to the norm

sup |- IV u@)leg + 32 Iv u(wj(;vau<y>ucf

j=0 yelU
d(z,y)<InjRad, (gcs)

which enables us to define a 'pointwise norm’:

VEu(z) — VFu c
3 [V u(z) W)lles

k
|| ooy 2= [VIu(x)]|er +
luillcts ; les ERIE

yelU
d(z,y)<InjRad,(gcs)
Similarly, we can define a weighted ’pointwise norm’. Using these 'norms’; the
condition ||U/i||ck,a(MB ) > c implies there is a sequence z; € Mp, such that
§ s

||will (o)) 5 > 0. The sequence of points z; can behave in two different

ways:
Case 1 Case 2:
ase 1:
. ] x; bounded away
x; concentrate near singularity f the si lariti
rom the singularities
rry = R
ran = Rj r; = Ry r=FR
| : : : ———-eee-- : = oo
0 et Bes

1. The sequence x; concentrates near a singularity. That is, there is a sub-

sequence of x; such that the radial coordinate r; or r; at z; converges to zero.

2. The sequence x; is bounded away from the singularities. That is, there is
a subsequence of x; such that the radial coordinate at x; is uniformly bounded

below.

At least one of these cases must happen, and we study them separately.

Remark 5.18. Normally, people also consider a third case when z; concentrate on

the gluing region. We however view this as a special situation of case 1.

Remark 5.19. The case when x; concentrate near a non-fixed point singularity p;, is
similar to the case when z; concentrate near a fixed point singularity ¢;. Therefore,

we only explain the latter case.
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Case 1: z; concentrates near a singularity.

Step 3. We consider the case when x; concentrates near a singularity. In this case
ui|{rj§2rj(xi)} is uniformly bounded away from zero in the C’f’a norm. At the same
time, {r; < 2r;(z;)} can be viewed as a subset of the Atiyah-Hitchin manifold.

Therefore, we use the Atiyah-Hitchin manifold as our limiting space.

To make our contradiction argument work, we need the norms, operators and weights
on the limiting space to be invariant with respect to e. We constructed g, such that
this is true. We also chose € such that Q7 2AY is e-invariant. However, the radial
parameter p does depend on €. To solve this we define a new e-invariant radial

€

parameter pagy := p — log <1 +€a_) and we equip the Atiyah-Hitchin manifold with
J

the weighted norm
-5
||U||cj;va(AH) = |le pAH“Hc};;;(AH)'

Luckily, the weighted operator Ls is the same whether we use p or papy.

Next, we will restrict u; such that it is fully supported on the Atiyah-Hitchin
manifold. For this we consider the family of smooth step functions x; on Mg,
that are equal to 1 when r; < 2r;(z;) and equal to 0 when?3 rj > Ry. Then
u; - x; are compactly supported functions on the Atiyah-Hitchin manifold. Because
u; € C(];’O‘(Mg,n) is equivalent to e %u; € Cf}a(MBm), we get

-0
—0p,, __ _—0paH € k,a
e Pu; =e u; € C(Mp.y,).
7 <1+€C\4]‘> 7 cf ( B,n)

-5
With this insight, we consider a new sequence of functions u; := y; - (1 +€6av> u;
J
defined on the Atiyah-Hitchin manifold. In the following lemma, we show that

has the same properties as wu;:

Lemma 5.20. Suppose that Theorem [5.27 is false and that x; concentrate near
a singularity q;. Let AH be the Atiyah-Hitchin manifold. Then the sequence

23R, is defined in Definition
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-5
Ui i= Xi - ( € ) u; € C’f’a(AH) satisfies

1+4ea;

HQ—zAgaiHCg_Q,a(AH) — 0,
H'&iHC?,a(AH) <1, and

. c

HuiHC(’;’O‘(AH) > 9

Proof. We only modified u; outside of the region where x; concentrates and hence,

R B C
||ui||0§’a(AH) Z ||ui||C§’a({7’j<27"j(xi)}) > 5 > 0.

The step function y; is chosen such that d y; and its derivatives are of order (log(Ry)—

log(2r;(x;))) " with respect to g.; and this converges to zero. Hence,

Nill ooy = i tillopoary ) < Xl oo a0y MUill oo ary 1y = Nl oroagg, ) = 1-

To estimate || Q2A%%;| r-2.0 notice that on the support of x; the function ¢ is
3

(AH)
identically zero and

QA9 (- wg) = x5 - Q2AY(w) +uy - QA () — 2072 (d xy, dwg) .
Using that g and g% are equivalent norms and that d y; is decaying, we estimate
197229 et ganny <ileoqaryy - 19287 () ptmgar
 llegoasyy 170 etpanyy +0 (oot )
By Proposition , Q~2AY9y; is uniformly bounded by || d Xi||oic}a( Mpn) and so
1972 A%l 20 4y = O-

]

Step 4. Next, we will find a subsequence of u; which converges to some @ €
Cg’a(AH ). We equipped the asymptotic region of the Atiyah-Hitchin metric with
the Taub-NUT metric with negative mass, for which we developed a rich regularity

theory in Chapter . This induces regularity estimates for Q72A9. For example,
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Theorem [4.25] induces the lemma:s:

Lemma 5.21. There exists a uniform C' > 0 and a compact set K C AH such
that for any u € C’f’o‘(AH),

ol o cary <C (1902 A%) ez ey + g -

Proof. Because we equipped the asymptotic region the Atiyah-Hitchin metric with
the Taub-NUT metric with negative mass, we can apply Theorem to get

92 a;
HuHcgva(AH\BR(o)) <C [HQ A? JUHc(’;’—z”a(AH\BR,(o)) + HUHCQ(K)]

for sufficiently large 0 < R’ < R. At the same time Q2AY is strictly elliptic, and
the metric g.s is independent of € on Bg(0). This implies that the Schauder estimate

—2
||u||0§7°‘(BR(0)) <C [”Q Ag“”cg—Qva(BQR(o» + ||u||C§(BQR(O))]
is uniform in €. Combining our results yields,
lellorocamy Slullore sy + Iullote amsao
<C 1972 A%l g2 4y + Illegire |-

]

Using the Arzela-Ascoli theorem, there exists a subsequence of u4; which converges
to some @ € CY(K) for any compact set K. When we apply Lemma on this

sequence, we get
I = Bsllotar < C (197209 — @) g2 am + 18 = 3llcger | = 0.

This implies that @; is a Cauchy sequence in C’f’a(AH ) and hence it converges to
some i € Cy“(AH).

Step 5. This limiting function is harmonic, because 2 2A is a continuous operator.
By assumption, d < 0, and hence % must be decaying. By the maximum principle

@ must vanish everywhere. We conclude ||t || .o converges to zero, which con-
§

(AH)
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tradicts the fact that ||d;l| ke > ¢/2 > 0. Therefore, the sequence z; cannot
3

concentrate near the singularities.

Case 2: z; is bounded away from the singularities

Step 3. Next we consider the case in which z; is bounded away from the singu-
larities. Again we need to modify wu;, such that their domain is defined on a fixed
limiting space. The points {z;} lie inside the circle bundle P, on which the Gibbons-
Hawking metric is defined. The radius of the fibers of P are O(¢), and hence we
expect that, in the limit ¢; — 0, P collapses to its base space B’. At the same time,
the neighbourhoods we removed from B to get B’ shrink at rate O(e?°), and hence

we pick the flat space B as our our limiting space.

Next we construct a step function such that we can view u; as functions on P.
Because the points {z;} are bounded away from the singularities, there is a constant
Rp such that r;(z;) > Rp. Therefore, consider the family of smooth step functions x;
on Mg, that are equal to one when 7;,7; > Rp and equal to zero when r;,7; < 5e2/5,
We consider a new sequence of functions u; := u; - x; on P. Also, let ftf be the S'-
invariant?* part of @;. In the following lemma, we explain the behaviour of #@; and

~b.
U,i.

Lemma 5.22. Suppose that Theorem|5.27 is false and x; are bounded away from
the singularities. Then, the sequences ; = X - u; € C:;’a(MBVn) and its St
invariant part 1 € Cy®(B') satisfy

HQ_QAg(ﬂi + )\igb)Hq’;—?aa(p) — 0, HQ_zAg(a? + )\igb)HCg’a(B/) — 0,

<1, and ;= @l copy = 0.

Proof. The arguments that HQ_2A9(ﬁi+)\¢¢)HC§_2,@(P) —0and § < HﬂiHc{’;*“(P) <1
are identical to the arguments given in Lemma/5.20, For the estimate on |[|Q~2A9(ut+
)\iqb)HCg,a (p)» recall that g.; is constructed from S Linvariant metrics. Therefore, the

projection operator 7, that is defined in Definition [£.21] commutes with the Lapla-

24See definition m
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cian. By Lemma [4.23] the operator 7, is uniformly bounded and hence

197289 + M) oy < (@A + Xid) o an,
< Cl|Q72 A% @ + Xid)) | o aryy,y = 0.

~f .

Before we estimate @] := 1; — 1}

i

we prove the claim that for every x € P, there is a
t € [0,27] such that &Zf(e“ -z) = 0. If not we can assume w.l.o.g. there is an x € P
such that for all ¢ € [0, x], the function @/ (¢” - ) > 0. By Definition m

i

m(if) (o) = 5- / Ca(et o) dt,

t=0

which is strictly greater than zero. At the same time, 7, is a projection operator
f

and so (@] ) = mp(U; — m(@;)) = 0. This is a contradiction and proves our claim.

Finally, we estimate @; — @?. Fix x € P and let ¢y € [0,27] such that @;(e - z) =

al(e' - x). By the fundamental theorem of calculus,

to 0
—U
t=0 Ot

ito

wi(z) — ui (e - x) = — (e x)dt.

Using that u? is Sl-invariant,

2

27
i)~ @l < [ dw@)ar<dudy, - [ Jas@.0)ar
t=

t=0

and we see that this integral is the length of the fiber at . Because g.s is equivalent
to gch , the length of the fiber decays with order O(¢). Hence,

12 — @]l cogpy < [til| .oy - Oe),
which converges to zero. O]

Step 4. Next we want to find a subsequence of @ + \;¢ which converges to some
twice differentiable harmonic function on B. First we need to determine what the
limiting metric will be. For this, notice that on the support of @? the metric g.; is

an interpolation of metrics that can be decomposed into some uniform metric gg on
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the base space and a part that is of order e. For example, the metric
e

G -2
gc}—rj de+gS2+rjhznj

can be written in the form gg + O(¢€) and the limiting metric is g = rj_z drj+ gse.
We conclude that in the limit € — 0, the metric g.; degenerates to a metric on
B\ U{p;,q;}. Therefore, for any compact sets K C K’ C B\ U{p;, q;}, we have the

Schauder estimate
I = @l ez < C [1972A9( = @)l oo + 1 = @llcg, e
By introducing \;¢, we can rewrite this as

||11i’ - ﬂ?HC?‘D‘(K) <C [HQ_QA‘Q(@? + /\z‘Cb)HcE’»a(K/) + ||Q—2A9(a’]? + )‘jﬁb)Hc?va(Kf)
9B 9B 9B
) ~b ~b
A = Al ATl o ey + 1T = gl e
Combining this result with Arzela-Ascoli, there is a subsequence of @ which con-

verges in Cg}f([( ). By exhausting the punctured base space by compact sets, apply-

ing Arzela-Ascoli on each of them, and taking the diagonal sequence, we conclude:

Lemma 5.23. There exists a twice differentiable function @® on B\ U{p;, q;} and
a X € [—1,1], such that for any compact set K C B\ U{p;, q;},

W —i’ € CIY(K)

and

AB(@ 4+ \g) = AI(@b + \g) = 0.

In the last part of the lemma, one has to notice that on the support of v the metric

g is g9 and A" = ;LAP for S'-invariant functions.

Before we can make any qualitative statement about @’ + A¢, we need to consider

its behaviour near the boundary of B\ U{p;, ¢;}. The decay behaviour near infinity
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follows from Theorems [4.25 and [4.26] as their estimates can be rewritten as

1 = @z ) <C (190729 + 20) | 0o pr 2y + 197D + X6l sz
+|>\i - )‘j| ’ ||Q_2Ag¢||c§’a(13(go/zg) + ||ﬂf - a?‘HCg(Koo/ZQ) :

b

The right hand side of this equation converges to zero and hence u; is a Cauchy

sequence in Cg’a(Poo /7). This implies @ decays with order e®. Next we study
TN

the behaviour near the punctures, where g, is just the conformal metric g,;* or
g2 We claim that @, can be smoothly extended over the singularities, and we

show this in two steps: First we will show that #® has some polynomial divergence
near a singularity. Secondly, we will show that this decay is slow enough for it to be
a removable singularity. Again, the arguments are identical for fixed or non-fixed

singularities. Therefore, we only explain one of these cases.

Lemma 5.24. On any compact neighbourhood K of q; inside B and any 6 <4,

% e CO(K).

Proof. Let € > 0 be arbitrary. There is some small open ball B(g;), such that on
this ball |7“?_6| < €. Hence, for any k,l € N,

7570 (g, — @)l cogey <P lleosay) - (177 @l lcom @) + 177 °@ oo e,))

+ 172 Neomma) - 1757 (@ — @)l oy Bia;))-

By Lemma rj_éﬂz approximates Tj_(sﬂk, which is uniformly bounded, i.e. there
exists an N € N such that for all £ > N,

Hrj_éalbcHCO(B(q)) < ||y, — @ZHCQ(P) + HﬂkHcg(P) <2

Secondly, K\ B(g;) is compact, and according to Lemma [5.23] one can chose N € N
such that for all k£,1 > N,

€

—5/~ ~
75 (@ — @) [loo o) < —5 :
1757 leox\B(g)))
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We conclude

75 (@ — @)l eo ey <N~ Nleowsay) - (Iry @rllcosy + 175 @) lcos,) )
+ 175 Nlcow 75 (@ — @)l co\B(g,))
<Be.

Therefore, 7’_5&2 is a Cauchy sequence in C°(K) and its limit is r;‘sﬁb. O

b

Lemma 5.25. The function u° can be smoothly extended to a gg-harmonic func-

tion on B.

Proof. Our goal is to show that @® is an element of Lf]eucl on some compact set, con-
taining a singularity ¢;. If this is true, the standard Euclidean Schauder estimates

will imply @® can be smoothly extended over qj-

By Lemma [5.24} rj_gﬂb is bounded for all & < § < 0 and therefore the weighted norm

Ry
||| ::/ / r;45(&b)2dlogrj/\\/0152
r;=0J 52

is finite. Let v,, be the spherical harmonics and expand @ in term of 1, i.e.

(e 9]

b= Z(an 4 b " .

n=0

By the orthonormality of the spherical harmonics,

Ro
full = [ [ ey atogr A vols
r;=0 S2 I
00 R>
:Z/ 7’]'_46(% 7+ by T;"_l)leogrj.
n=0 v 7;=0
Because |§| < 1, this can only be finite if b, = 0 for all n € Ny. This implies @° is

in Lgeucl on any compact set containing the singularities. ]

Step 5. With the asymptotic behaviour of @ understood, we can now prove that
@® = A\¢ = 0. Indeed, the function %’ + \¢ is of order O(e~°?) and the only harmonic

functions of these kind are constant. Because the map ¢ is unbounded, A must be
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equal to zero. Finally, the function %’ is decaying, and the only constant that is
decaying is the constant zero function. Therefore, @* = A¢ = 0. The implication

this has for u; will be summarised in the following lemma.

Lemma 5.26. There exists a subsequences of u; and N\;, such that for any compact
set K C P,

i; —0€C) (K), and \; — 0.

We finally prove that Lemmas and lead to a contradiction. Indeed, suppose
that the sequence z; is unbounded. Then Lemma [5.22] implies

c -
0 <5 < ltillgrop, sz

However, Theorems [4.25] and [£.26] imply
- 2 NGH (~ —2 AGH
||ui||cg»a(Poo/Zg) <C [HQ AT (a; + )\i¢)||cg*a(Péo/ZQ)+|)\z‘| [|Q77A ¢||c§va(P<;o/ZQ)
il ook jz2) | »

which, according to Lemmas and converges to zero.

The only possibility left is when x; has a subsequence that converges to some point
x in the interior of P. Up to some local universal cover, the metric g.; on P has

bounded geometry and hence the Schauder estimates imply
||ﬁ'i||C§‘a(Br(z)) < C (172 A% (u; + /\i¢)||02‘°‘(B2r(x))+|>‘i| ' ||Q_2AGH¢||(:§’“(BQT($))
HWHC(Q(BQT(Q;))}

for some small radius » > 0. The right hand side of this inequality vanishes when ¢

tends to infinity and so ||fbi”c§,o¢( B,(xy) Will vanish also. This contradicts lemma W,

because for sufficiently large i the points z; will concentrate inside B,(x), and hence
& -

0< 3 S 1l oo, -

All possible cases lead to contradictions, and so we conclude:
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Theorem 5.27. Let § € (—1,0) (with 0| sufficiently small if B # R?), k € Nxg,
and o € (0,1). There exist ey, C > 0 such that for any collapsing parameter
€€ (0,¢) andu € Cy*(Mg,,) (or u+ Ao € Cy*(Mp,,) ® Re when B #R3),

HuHC?’O‘(MB’n) SC ”QiQAguHC(lsc—Q,a ZfB == RB

||u||C§’“(MB,n) + A <C || 2A (u + A(b)HC?fz,a otherwise .

5.5 Proof of the main theorem

In this section we prove Theorem[I.1]by showing that our approximate solutions from
Chapter [3] can be perturbed into genuine gravitational instantons. In Section [2.2]
we described this perturbation problem and showed that the hyperkéhler condition
can be phrased as an elliptic equation. We claimed that this elliptic equation can
be solved using the inverse function theorem. Before we show that these claims
are indeed true, we first recall some facts and notation. Namely, in Section 2.2] we

introduced the projection operator
Tf: Mats,3(R) @ Q*(M) — Sym3(R?) @ Q4(M)

1 1 1 (1)

and the wedge operator

A: QN (M) @ R* — Mats,3(R) ® Q*(M)

oo Aw,
and our goal was to find a triple of self-dual 2-forms ¢ such that
1
§A*1 Tf(w Aw) + A + 201 Tf(dd* ¢ Add*¢) = 0. (6)

We showed that if ¢ satisfied Equation [6] then w + 2d d* ¢ is a hyperkihler triple.
In order to solve this equation, we use the following version of the inverse function

theorem:

133



W.A. (Andries) Salm 5. Perturbation to hyperkidhler metrics

Theorem 2.15 (Inverse function theorem). Let F(z) = F(0)+ L(z) + N(z) be a

smooth function between Banach spaces such that there exist r,q,C > 0 satisfying
1. L is an invertible linear operator with ||L7Y < C,
2. |IN(@) =Nl < g llz+yll -z =yl for all z,y € B,(0), and
3. |F0)|| < min{@%, %}

Then, there ezists a unique = in the domain of F' such that F(z) =0 and ||z| <
201 F(O)

Let
1
F(¢) == Q2AC + §Q_QA_1 Tf(w A w) + 20 2A P Tf(dd* ¢ Add* ©),
and identify the constant, linear and non-linear parts as

F(0) :%Q_QA_l Tf(w A w)
L(Q) =0?AC
N(C) =20 2A 1 TH(d d* ¢ Add* ©),

where A is the Hodge Laplacian. According to Lemma [2.14] this Laplacian is equal
to 0 ? for some Dirac operator /). When we decompose ¢ into Y, u; - w;, where
u; € C®°(Mp,,), the Weitzenbock formula yields

D2 (uj w;) = (A%;) w; — 2V gy,w;,

because [P w; = 0. With Theorem in mind we pick the domain of F' to be
C¥2%(Mp,)-w C O (Mp,) @R? (or (C2**(Mp,,) ®R¢)-w when B # R3). That
is, we pick self-dual 2-forms of the form ), u;-w; and we define the norm of ), u;-w;

as y . HuiHQC(’;’“(MB,n)' Similarly, for the codomain we pick (Cy*(Mg,,) - w) @ R3.

Having defined F' as a smooth map between Banach spaces, we show that the con-
ditions of Theorem [2.T5] are satisfied. Most of the work will be relating the various
norms we used. We remind the reader that the calculations for all higher derivatives

will follow from the calculations of the C° norm. Indeed, all the estimates used
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in this chapter are based from the error estimate in Theorem As explained
in that section, this error estimate originates from our estimates of the harmonic
function h, for which all higher derivatives are known due to Remark [3.5] We chose
our norms such that all derivatives of h have the same decay rate and so the study

of the CY norm is enough.

The constant part

First we need to estimate the constant term $Q A~ Tf(w A w) in Equation @ with
respect to the norm (Cf’o‘ -w) ® R3. To examine A~! o Tf in local coordinates, let
p e QY(Mp.,,) be a volume form and define P: Mp, — Matzy3(R) by

w; N\ Wi = L.

Then the composition of Tf and A is given by

-1

Matsy3(R) @ Q4 (Mp.n) —> Sym2(R3) @ Q4(Mp.,,) A Qt(Mp,,) @ R?

P® (P —5tr(P)1d) ® pr—->3,; (Id =5 tr(P)P1)  w; @ e

where e; is the standard orthonormal basis on R?. In order to estimate %Q”Afl Tf(wA
w), we need to estimate the components of Id —z tr(P)P~! with respect to the
Cg“’a(M B.n) Dorm. According to Theorem , w is a hyperkéhler triple outside the

gluing regions, and so Tf(w Aw) = 0. Inside the gluing regions, the triple w satisfies
1 o
§wi A wj = (Id +O<67/5))ij @ Vol? ! . (11)

Setting 1 = Vol9” and P = 21d +O(¢"/%), we conclude that TO2A T T (w A w) s

of order O(272¢7/%) on the gluing regions and vanishes everywhere else. We claim

Lemma 5.28. On the gluing regions, Q* and all its derivatives are of order e */°

with respect to gey.

Proof. Without loss of generality, we focus on a gluing region near a fixed point
singularity ¢;. Here, the function Q2 is given by e~/ (h’)~!, where p; = log(r;).

According to the product rule, the C* norm of Q? is bounded by the C* norm of e =2/
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and the C* norm of (h¥)~'. Because d p; and its derivatives are uniformly bounded,

|le=2fi||cx = O(e=27), which is of order e*/® on the gluing region r; € (4€%/°, 5¢%/%).

We only need to show (hZ)~! is uniformly bounded in all derivatives. By induction it
is enough to show that h¥ is bounded below and d A is bounded in all derivatives.
This lower bound is shown in Lemma [3.4 Furthermore, d ¥ can be calculated
explicitly and has order O(er;'). On the gluing region, this order is O(e*?). O

We conclude that Q2A~! Tf is of order O(e!''/?) on the gluing region. These errors

are measured with respect to the unweighted norm gg}. Using the definition of the

25

weighted norm*> we can reintroduce the weights and conclude:

Proposition 5.29. The constant term $Q2A~! Tf(w Aw) is of order O (611?5)
with respect to (C3*(Mp.,) - w) @ R3.

The linearised equation

Next we study the linearised term L({) = Q72A(, where A is the Hodge Laplacian
on Ot (Mg,). As explained in the end of Section , the Weitzenbock formula
implies

Z L(UZ : w,-) = (Q_QAgui) Wi — QQ_QV%guiwi,

for any twice differentiable set of functions u;. We have chosen the domain of L,
such that Q72AY is an invertible operator with uniform bounded inverse. Hence L
have the same properties if Q_2V%guiwi is sufficiently small. In this section we will
prove this fact. We will only focus on the gluing region near a fixed point singular-
ity ¢;, because on the other gluing regions we have the same estimates and outside
the gluing regions VY%w; = 0 due to the hyperkihler property. Also, we ignore any

contributions from ¢, because ¢ vanishes on the gluing region.

Just as before, we first do the calculation in the weightless case and reintroduce the
weights at the end. We will split the calculation of QQ’QV%guiwi into several steps.
First we calculate Q2V9; and VYw; separately. The latter will be expanded into
two parts, as

Viw; = (V9 — V97 )w; + VI (w; — w?).

25Definition
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For the intermediary steps we will use the induced Cf}a norms on the spaces of
2-forms and vector fields, which we write as C’f}a(QQ(M B.n)) and CZ}O‘(TM Bn)- At

the end we estimate 2Q7°VY, w; in terms of C’(I;’O‘(MB,,,I) w.

Lemma 5.30. There exists a uniform constant C' > 0, such that for any u €
k+2,a
Cc;_ (MB,H);

19759 ullggreraty,y < €Nl o,y

Proof. Using g.; = Q%g% and g = g% +O(e''/®) on the gluing region, dualise Q~2V9u
with respect to g.; to get

Ger (V2VIu, .. ) = g9 (Viu,...) = du+ O('°)(Viu, .. .).

Because Q2 = O(e7*/%) on the gluing region, the difference between Q=2 V9u and

du is of order O(¢”/?), which proves the lemma. O

Next we will estimate (V9 — V9" )w;. We already know that w; is uniformly bounded
with respect to g% and that it is of order O(e*/®) with respect to g.;. Hence, we

only need to estimate V9 — V9"

Lemma 5.31. With respect to g.s, the term V97 — V9 (and its derivatives) are
of order O(¢"/°) on the gluing region.

Proof. Using the formula for the Christoffel symbols in Riemann normal coordinates

of g.f, the error term is of the form

594, @(gmk—gn;k)Jr..} +§(g —gqj){axl +....

The difference between g and g% is of order O(e''/%). Also, 7! = Q2gc_fl = O(e74/?)

and hence V9" — V¢ simplifies to

O(€7°) + O/ -

aQ_z-gﬁfk
T-i—... .

This is of order O(e/?). O
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Lemma 5.32. On the gluing region, the term V9" (w; — w?) is of order O(e'1/%)
with respect to ij’ca(QQ(MBm)).

Proof. According to Theorem [3.23] on the gluing region w; —w” is of order O(e''/%)
with respect to gg}. In terms of the Riemann normal coordinates {x;} for gg}, we

calculate

Vi (wi = W) | (Or, 0m1) =Lo, [(wi — w)(Omr, 0m)]
+ (wi — wP) (VY Dy, 1) + (w; — W) (VY Oy, Dizy)
=O(M?) + O(P) - |V, Dk op.

By the Koszul formula, ngaxk is bounded by dlog €2, which is uniformly bounded.

Therefore, V9" (w; — w®) and all its derivatives are of order O(e'*/5). O

We conclude that on the gluing region 272V, w; is of order O(e'/®) with respect
to the induced norm of g.; on Q% (Mp,,). However, in the beginning of this section
we equipped Q7 with the C’ff (M Bn) - w norm instead. To convert to this norm,
we project Q_ngvguiwi to the approximately orthogonal basis {w;}, whose basis ele-
ments satisfy ||w;||.; = O(€*/?). Therefore, with respect to the norm Cffm(MB,n)-w,
the form Q*QV%guiwi is of order €/°. The only thing left is to reintroduce the

weights:

Proposition 5.33. The operator QQ*QV%Q(.“)M between Cyt>*(Mg,,) (or
C¥*(Mp,) ® R¢ when B # R®) and CY™*(Mp,,) - w is a bounded opera-
tor with an operator norm of order O(e"/?). In particular, for sufficiently small

€ >0, the map Q_QAHOdge s an isomorphism with uniform bounded inverse.

Proof. Let u; in the domain and consider 2Q*2ngguiwi. In local normal coordinates

this operator can be written as

O .
ZQ*QV%gwwi = (A]kﬁ_::k —+ B7. 'Lbl) wj,

where A7* and B’ are smooth functions of order O(¢”/?) with respect to g.;. To esti-

mate these in the C(’;H’a(MB,n)-w norm, we need to calculate e =% (Ajk% + B uz> .
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This can be written as

—dp (Ajk% + B uz) :Ajkw + ((5 Ajk@ + Bj> .6—5/7“1_

8xk (%k 8$k
Using e~%u; € Cf;“Q “(Mg,), we conclude

H2Q_2ngguiwi||C§+1,Q(MB’N),W < O<57/5) ) HuiHCC’;“*a(MBm)’

which proves the first statement. The second statement follows from the Weitzen-
bock formula. O

The non-linear term

Finally, we study the non-linear part N(¢) = 2Q72 Tf((dd*¢)?). Again, we do this
in multiple steps. First, we estimate dd” { in terms of C’szo‘(Qz(M Bn))- Secondly,
we work out N({) — N(§) using the product rule for Hélder norms, which yields an

explicit error. Finally, we calculate this error on each region separately.

Lemma 5.34. Let ( € C¥/**(Mp,) - w (or ¢ € (CH/**(Mp,,) @ Re) - w when
B # R3). There exists a constant C' > 0, independent of ¢ and €, such that

lad™ Cllereamg, g < € Ilcrrae mg

when B = R3 or

| dd* C||Cm(Q2 (Mpn) = C- ||C||(c§+2v“(MB,n)@R¢)~w

when B # R3.

Proof. Consider the case when ¢ = 0, and expand ¢ into ( = ) . u; - w;. Using that

w; is closed and self-adjoint with respect to g,

dd*( = — X:d*gd*g(uZ w;) Zd*gdu,/\w, —Zdwguiwi.

The exterior derivative is a bounded linear map between Cff LQ (Mp,)) and
C’fJLO‘(QZ(M B.n)), and hence it is sufficient to show tye,,w; and its derivatives are

uniformly bounded. By a similar argument as in Lemma [5.30, VYu; is of order
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O(9?). Because ¢ = p on the asymptotic region, the same is true when u; is a
multiple of ¢. Finally, recall that w and its derivatives are of order 272 with respect

to g.s and therefore tyq,,w; is uniformly bounded.

Just as in Proposition the estimate does not change when we reintroduce the

weights. Hence d d* is a uniformly bounded operator. O]

For any f,g € C’fj’ca(M B.n), the product rule of Holder norms implies f - g €

k,a .
Cei(Mp,) and || f - gHCf;“(MB,n) < CHfHCfJ}“(MBm) : HgHCf]z"(MB,n) for some uniform
constant C'. This implies that the wedge product can be viewed as the bounded

linear map
A: Co (93 (M) X Cf (¥ (Mpa)) = Cif (2 (Mp,n)-

With this version of the Holder product rule, we can prove the non-linear condition

for the inverse function theorem.

Proposition 5.35. Let N(¢) = 2Q2A" 1 Tf(dd* ¢ Add* (). There exists a q >0
of order O(e"=2) such that for any ¢, & € (CyT5*(Mp,,)-w)RR? (or (C5T>*(Mp,,)-
w® Re) ® R® when B # R3),

HN(C> - N(ﬁ)”(c(’;aa(MB’n).w)@Rs <gq- HC + 5” : HC - €||7

where || +£|| is measured with the (Cy T (Mp,,)-w) @R3 or (CYy**(Mp,,)-w®
R¢) @ R? norm respectively.

Proof. Using the ‘identity’ a®> —b*> = (a+b)(a —b), the expression of for N(¢) — N(¢)

can be rewritten as
N(¢) = N(§) =207 °A7 T d*(C + §) A dd™(¢ =€)
Using Lemma [5.34] and the product rule, N(¢) — N(€) can be estimated by
N(¢) = N(€) = 02 Q2A™  TE(Vol™)) - [I¢ +£] - (IS — £]I-

Recall that the map Tf projects the space of 3 by 3 matrices to its symmetric
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traceless subspace. This projection is uniformly bounded, and hence
N(C) = N (&) = 027 2N~ (Volr)) - ¢ + €| - [|€ — €]

Using Equation |11 and that g is hyperkahler outside the gluing region, we estimate
the inverse of A, which yields

N(¢) = N(§) = 0(eQ?*) - w - [l¢ + €]l - [IC — €lI-

We conclude that ¢ must be of order O(e*?Q?). We calculate O(e?Q?) explicitly for
cach region of Mg, which are given in Definition [5.1, We summarise the estimates

in the following table?:

Near singularity g; Asymptotic region
rag = R3 Tj:RQ r=R;
0 4e? 5es rree
\ \
0 VAN P (WD)~} 1 (Def. 4.7)
7 €
p log (15 33) log(r;) 1 (Def. [4.9)
O(e2r0?) O(e52) O(r2) < O(-2) o(1) O(1)
j
The parameter ¢ attains its largest value inside the bubbles, and hence ¢ = O(e°2).
O
As explained in Section [2.2], our goal is to solve the equation
1
§A*1 Tf(w Aw) + A + 201 Tf(dd* ¢ Add*¢) = 0. (©)

According to Proposition [5.29] the constant part F(0) is of order (9(61132(S ). Accord-
ing to Proposition [5.33], the linearised operator is invertible with uniform bounded
inverse. By Proposition [5.35] the non-linear part satisfies

IN(C) = NNt aryyams < OE ) - 1IC+ N 11C = €]l

)

26 Again the estimates for a non-fixed point singularity p; are the same as the estimates for a
fixed point singularity ¢; and we can ignore them.
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Therefore, Theorem can be applied if

11-26

e 5 <O(E0).

This is indeed true for sufficiently small €, and hence:

Proposition 5.36. For sufficiently small € > 0, there exists a triple of (; €
CY*(Mp,) -w (or ¢ € (C5*(Mp,) ® R@) - w when B # R3), such that

is an orthonormal triple of closed 2-forms, and the norm of ¢; is of order 0(611325).

Higher regularity

At last, we need to show w + 2dd* ( is smooth. For this we use a bootstrapping
argument. Namely, we know that ¢ is a C**%® solution of Equation @, which is of
the form

F(0)+ L(¢) + N(dd* ¢,dd*¢) = 0.

Hence any partial derivative ¢ € C*1¢ must satisfy an equation of the form

F(0) + L(¢) + L(¢) + N(dd* ¢,dd* ()
+ N(dd*¢{,dd*¢) + N(dd*¢,dd*{) =0,

where the dot denotes the partial derivatives of the coefficients. Therefore, there is
some F € C’lkoca such that

L)+ N(dd*¢,dd* ¢) + N(dd*¢,dd*¢) = F.
We claim that the operator
L+ N(dd*...,dd* () + N(dd*¢,dd*...) (12)

is a strictly elliptic operator, because the operator norm of N(dd*{,dd"...) is
arbitrary small. Indeed, using a similar argument as in Proposition and Lemma
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5.34] one can show that

[N ¢ dd” . )y = O(E2) - [¢llosea

11—-26
5 ), and hence

By Proposition we know [|¢]|crr20 = O(e
IN(dd*¢,dd” .. )]l = Oes™5?).

For sufficiently small €, the operator in Equation is elliptic. Using the local
Schauder estimate, ¢ must be an element of C**2¢ and so ¢ € C*3  Using

induction on k, we conclude:

Theorem 5.37. For sufficiently small ¢ > 0, there exists a smooth triple of
G € CY*(Mp,) -w (or G € (CY*(Mp,) ®R¢) - w when B # R?), such that

15 a hyperkdhler triple.

We finally show the main result of this thesis.

Theorem 1.1. Let L C R® be a lattice of rank one or two and consider the
Zy action on R3/L that is induced by the antipodal map on R3. Let {p;} be a
configuration of n distinct points in (R3/L — Fix(Zs))/Zs. Suppose that n < 4
when R3/L ~ R? x S* and n < 8 when R*/L ~ R x T?. Then, there exists
an €9 > 0, such that for all 0 < € < €y there exist a gravitational instanton

(Mgs/1,n, ge) with the following properties:

1. For each fized point of the Zs action on R3/L, there is a compact set K C
Mgs )1, n, such that € 2g. approzimates the Atiyah-Hitchin metric on K as
e — 0.

2. Foreachi € {1,...,n}, there is a compact set K; C Mgs,p,,, such that € g,
approximates the Taub-NUT metric on K; as € — 0.

3. Away from the singularities, the manifold collapses to (R3/L)/Zy with

bounded curvature as € converges to zero.

4. Depending on the lattice and n, the asymptotic metric can be classified as
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o ALG*I; , whendimL =1 andn < 4,
° ALG’% when dim L =1 and n = 4,

o ALH*_,, when dimL =2 andn < 8,
e ALH when dim L = 2 and n = 8.

Proof. Given the data in the theorem, we constructed in Chapter [3| a 4-manifold
Mpg,, and a l-parameter family of closed definite triples w that are approximately
hyperkéihler. By theorem , there exists a smooth ¢ € QT (Mp,,) ® R? such that
w+ 2dd*( is a smooth hyperkéihler triple, which induces a hyperkéhler metric on
Mg . Moreover, our genuine gravitational instanton differs from our approximate
solution with an error of O(en%%). Hence, for sufficiently small €, properties 1 to 4
are satisfied. O
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